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ABSTRACT 


This thesis is concerned with some problems of Korovkin 
approximation theory in certain commutative Banach algebras 
studied in Harmonic Analysis. Study of universal Korovkin sets in 
commutative Banach algebras with respect to various classes of 
operators was initiated by Altomare in 1982 . An interesting open 
problem in Korovkin approximation theory has been that of 
characterization of commutative Banach algebras A with a 
continuous involution, in terms of their maximal ideal space AA, 
which -admit a finite universal Korovkin set w.r.t. positive 
operators. Answer is known only for some particular Banach 
algebras. 

In Chapter III, we solve the problem for the following 
commutative Banach algebras : (i) The group Algebra L^(G), where G 
is a locally compact abelian group. (ii) The centre Z(L^(G)) of 
the group algebra, where G is a compact group. (iii) Z(L^(G)), 
where G is a connected [Z] group, (iv) Z(L^(G)), where G is a [Z] 
group having a compact open normal subgroup K such that G = KZ. 

In Chapter IV, we solve the problem for (i) a Segal algebra 
S(G) which is closed under involution, where G^ a compact abelian 
group, (ii) Z(S(G)), the centre of a Segal algebra S(G) which is 
closed under involution, and G, a compact group. 

If G is a non compact locally compact abelian group then the 
problem for the Segal algebras on G is not easy. In Chapter V, we 
solve this problem w.r.t. positive spectral contraction operators. 
We also solve the problem w.r.t. positive spectral contraction 
operators on Z(S(G)), where G is a [Z] group containing a compact 
open normal subgroup K such that G = KZ. 
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CHAPTER I 


INTRODUCTION 

It was P.P. Korovkin who proved in 1953 ([30]) the following 

theorem which is as simple in its statement as it is surprising in 
its conclusion: 

Suppose ^ sequence of positive linear operators on 

C([0,1],[R), the space of all real valued continuous functions on 

the interval [0,1], such that lim T^^h = h uniformly on [0,1] for 

n-^co 

every h e ■|l,x,x^|-. Then lim T f = f uniformly for every f e 

^ ^ - n^oo ^ 

C([0,1],!R). 

Since the appearance of this result, a large number of 
mathematicians have worked in order to extend the Korovkin's 
theorem to other function spaces or more generally to abstract 
spaces. They adapted many directions such as Banach lattices 
([11], [15], [18], [19], [58] etc.), L^-spaces and Banach spaces 

([14], [17], [29], [31], [36] etc.), non-commutative *-algebras 

and Banach algebras ([10], [33], [50], [53], [57] etc.) 

commutative *-algebras and Banach algebras ([1], [2], [41], [43], 

[47] etc.) and so on. Work done along these lines during the last 
40 years has developed into a branch of abstract approximation 
theory which is known as Korovkin-type Approximation Theory. 
Quantitative versions estimating the rate of convergence (see for 
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example [13], [16], [38], [42] etc.) as well as qualitative 

versions trying to investigate the abstract background responsible 
for the validity of the theorem have appeared in the literature. 
We cite the paper of Altomare and Campiti [5] as a nice systematic 
collection of references for the qualitative Korovkin-type 
results. The paper by Pannenberg [44] is an excellent survey 
article on the subject. 

In this thesis we shall be concerned with the Korovkin 
approximation theory in commutative Banach algebras initiated by 
Altomare in 1982 [1]. It was further explored and enriched by 

Altomare, Pannenberg, Romanelli, Beckhoff and many other authors. 

The notion of universal Korovkin sets in commutative Banach 
algebras with respect to various classes of operators has been 
introduced in [1], [2], [3] and [47]. We shall restrict ourselves 

to universal Korovkin sets w.r.t. positive operators, w.r.t. 
positive contraction operators and w.r.t. positive spectral 
contraction operators. A subset S of a commutative Banach algebra 
A with a continuous involution is said to be a universal Korovkin 
set w.r.t. positive operators if B is a commutative Banach algebra 
with continuous symmetric involution, T : A — > B is an algebraic 
* -homomorphism and if a uniformly bounded net of positive 

A. 

operators from A to B satisfies lim j| (T x - Tx) [| = 0 V x e S 

a 

A A 

then lim || (T^y - Ty) 1^^^ = 0 VyeA (l|x||^ denotes the spectral 

radius of x) . Universal Korovkin set w.r.t. positive contraction 
operators and universal Korovkin set w.r.t. positive spectral 
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contraction operators are defined in a similar fashion. In terms 
of universal Korovkin sets, Korovkin's original theorem may be 
restated in its generalized form (see [1]) : 

The set -^1, x, x^j^ is a universal Korovkin set in the Banach 
algebra C([0,1]) w.r.t. positive operators. 

In fact, the situation is interesting and useful if there 
exists a finite universal Korovkin set. An eminent problem in 
Korovkin theory has been (see [44], [46]) that of characterization 
of the commutative Banach algebras A, in terms of their maximal 
ideal space AA, which admit a finite universal Korovkin set. (The 
problem stands as such with respect to each class of operators 
under consideration) . The problem still remains unsolved, in 
general. However, answer is known for some particular Banach 
algebras. An excellent account of the information regarding the 
problem may be found in [46]. 

For a compact Hausdorff space X, the Banach algebra C(X) 
admits a finite universal Korovkin set w.r.t. positive operators 
iff X is metrizable and has finite covering dimension. This seems 

to have been observed for the first time by Saskin [56]. In fact, 

. * .... 
a commutative C -algebra A admits a finite universal Korovkin set 

w.r.t. positive operators iff AA is a finite dimensional 

separable metric space. In [45], Pannenberg has shown that the 

group algebra L^(G), where G is a locally compact abelian group, 

admits a finite universal Korovkin set w.r.t. positive contraction 

operators iff G (the dual group of G) is finite dimensional 
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separable metric space. On the other hand, there are Banach 
algebras which do not have any finite universal Korovkin sets. 
For example, if G is a non discrete locally compact abelian group 
then the convolution algebra of measures, M(G) , can never possess 
a finite universal Korovkin set w.r.t. spectral contraction 
operators. See [46] for many other such examples. 

Our main objective in this thesis will be to investigate the 
problem (mentioned above) , where the Banach algebra A is varying 
over some well known commutative Banach algebras studied in 
Harmonic Analysis. In Chapter II, we explain the notations and 
give a brief account of the definitions and preliminary results 
from Harmonic Analysis and Korovkin theory which we shall need in 
the sequel. 

In Chapter III, we define a notion of property 'P' in 
commutative Banach algebras with a continuous involution. 
Property 'V is satisfied, in particular, by commutative Banach 
algebras with continuous symmetric involution and a bounded 
approximate identity. For a commutative Banach algebra A having a 
continuous symmetric involution and satisfying property 'P', we 
prove that A admits a finite universal Korovkin set w.r.t. 
positive operators iff there exist finitely many elements in A 
such that their Gelfand transforms separate points of AA. It 
turns out that if A is such a Banach algebra then A has a finite 
universal Korovkin set w.r.t. positive operators iff it has a 
finite universal Korovkin set w.r.t. positive contraction 
operators. Thus, in view of results proved by Pannenberg in [45], 
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we obtain a characterization of locally compact abelian groups G 
for which L^(G) possesses a finite universal Korovkin set w.r.t. 
positive operators. 

It is known ([39]) that for a locally compact group G the 
centre Z(L^(G)) of L^(G) is nontrivial iff G has a compact 
invariant neighborhood of identity. If G is such a group then 
Z(L^(G)) has a continuous symmetric involution and bounded 
approximate identity ([35]). In Section 2 of Chapter III, we 
prove that for a compact group G, Z(L^(G)) has a finite (three 
element) universal Korovkin set w.r.t. positive operators iff G is 
metrizable. As a consequence of this result we obtain that for a 
connected [Z] group G, Z(L^(G)) admits a finite universal Korovkin 
set w.r.t. positive operators iff G is metrizable. 

In the last part of Chapter III, we are concerned with the 
case of non-connected central topological groups. We prove that 
if G is a [Z] group having a compact open normal subgroup K such 
that G = KZ then following are equivalent : 

(1) Z(L^(G)) has a finite universal Korovkin set w.r.t. 
positive operators. 

(2) G is separable metrizable and G/K has finite torsion 
free rank. 

A. 

(3) G is finite dimensional separable metric space. 

We also prove that if G is a separable metrizable periodic 
[Z] group then Z(L^(G)) admits a finite (four element) universal 
Korovkin set w.r.t. positive operators. 
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Let S(G) denote a Segal algebra over a locally compact group 
G such that it is closed under involution (inherited from L^(G)). 
If G is abelian then S(G) is a commutative Banach algebra with 
continuous symmetric involution ([51]). If G is non abelian then 
Z(S(G)) is nontrivial iff G has a compact invariant neighborhood 
of identity ([48]). If G is such a group then Z(S(G)) is a 
commutative Banach algebra with continuous symmetric involution - 
In Chapter IV, we investigate the problem in these commutative 
Banach algebras. We show that a Segal algebra need not satisfy 
property 'P' and therefore the techniques developed in Chapter III 
are no longer at our disposal. However, we prove by different 
techniques that if G is a compact abelian group then S(G) admits a 
finite (three element) universal Korovkin set w.r.t. positive 
operators iff G is metrizable. We also prove by similar 
techniques that for a compact group G, Z(S(G)) has a finite (three 
element) universal Korovkin set w.r.t. positive operators iff G is 
metrizable. 

In [2], Altomare has proved that if A is a commutative Banach 
algebra with continuous symmetric involution and a bounded 
approximate identity uniformly bounded by one and if S is a subset 

ic 

of A such that S separates points of AA strongly then S u SS is a 
universal Korovkin set w.r.t. positive contraction operators. We 
extend this result to the commutative Banach algebras with 
continuous symmetric involution and satisfying a certain property 

(to be specified in Chapter IV) . We also show by an example 
that in the absence of property the result need not be true. 
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Fifth chapter of the thesis is devoted to the study of 
universal Korovkin sets w.r.t. positive spectral contraction 
operators in a commutative Banach algebra A with continuous 
symmetric involution. We observe that if A satisfies property 
then universal Korovkin sets w.r.t. positive spectral 
contraction operators coincide with universal Korovkin sets w.r.t. 
positive contraction operators. In the absence of property 
we show by an example that the two notions are different. In 
[55, Theorem 1.1(2)] Romanelli has proved that if A is a 
commutative Banach algebra with continuous symmetric involution 
and bounded approximate identity then a subset S of A is a 
universal Korovkin set w.r.t. positive spectral contraction 
operators iff S is a universal Korovkin set in C^(AA) w.r.t. 
positive contraction operators. By techniques similar to those 
used by Romanelli in Theorem 1.1(2) of [55], we prove that the 
conclusion of Romanelli remains valid if the condition that A has 
a bounded approximate identity is omitted. This enables us to 
obtain a universal Korovkin set w.r.t. positive spectral 
contraction operators in a Segal algebra S(G) over a locally 
compact abelian group via the techniques available for 
constructing universal Korovkin sets w.r.t. positive contraction 

A 

operators in C^(G) . We prove that S(G) admits a finite universal 
Korovkin set w.r.t. positive spectral contraction operators iff G 
is finite dimensional separable metric space. 
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CHAPTER il 


PRELIMINARIES 

In this chapter we explain the notations used and give a 
brief account of the definitions and preliminary results to be 
used in the sequel. For standard results from Harmonic Analysis 
the reader is referred to the books by Hewitt and Ross [26] and 
Reiter [51], [52]. 

2.1 Generalities 

Throughout the thesis G will denote a locally compact 

Hausdorff group. IR, Z and ¥ will denote respectively the group of 

real numbers, the group of integers and the circle group. !N and C 

respectively denote the set of natural numbers and the set of 

/ 

complex numbers. For a Banach space B, B will denote its dual. 
For a locally compact Hausdorff space X, C^(X,C) (C^{X,IR)) will 

denote the Banach space of all complex valued (real valued) 
continuous functions on X vanishing at infinity. We shall usually 
write C^(X) for C^{X,C) . If X is compact then we write simply 
C(X) for C^(X). We say that a subset S of C^(X) separates points 
of X if for x^, x^ e X, h(x^) = hCx^) V h e S implies x^ = x^; S 
is said to separate points of X strongly if in addition, V x e X, 
there exists an h e S such that h(x) ^ 0. 
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M^(X) will denote the set of all bounded regular Borel 
measures on X. Set of all positive bounded regular Borel measures 
on X will be denoted by il^(X) . For x e X, 6^ will denote the 
point measure of mass 1, concentrated at x. For p e ^j^(X) the 
support of II is denoted by Supp(/J)- 

/ 

If B is a Banach space and ^ € B then the symbols 0(f) and 

<f,0> both will indicate the value of <p at f. 

If h is a function defined on Y and X c Y then hj^^ w^ill 

denote the restriction of h to X. As usual 5 will stand for the 

mn 

Kronecker delta function. 

By dimension of a topological space X we shall mean the 
covering dimension. This is defined as follows (see [40], p. 9). 

Let U be a covering of a topological space X. We say that ll 
has order n (and write ord li = n) if for each x e X, number of 
members in It containing x is at most n. 

We say that dim X s n if every finite open covering U of X 
has an open refinement SB such that ord $ n+1. If it is true 

that dim X ^ n and it is false that dim X ^ n-1 then we say 
dim X = n. If dim X £ n is false for each integer n then dim X= oo. 

2.2 Commutative Banach algebras 

All the Banach algebras considered will be complex Banach 
algebras. For standard results in the theory of commutative 
Banach algebras we refer the book by Larsen [32]. For any algebra 
A, Z(A) will denote its centre. For a commutative Banach algebra 
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A, AA will denote its maximal ideal space, the set of all 

nontrivial complex homomorphisms of A. If A has an identity then 
* ' 

AA IS a w -compact subset of A . In general AA is locally 

compact. If AA is not compact, we denote by A A the one point 

Ct) 

compactif ication of AA. For x e A, x and l!x||^ will denote 

respectively the Gelfand transform and the spectral radius of x. 
It is well known that A = {x : x e A} is a point separating 

subalgebra of C^(AA). A is said to be semisimple if the map 


X is 

one to one 

• 


A is 

said to 

have an 

involution if there exists a map 

^ > A 

such that 



(i) 

(x+y) 

* * * 
= X +y 


(ii) 

(xy)* 

II 

X 


(iii) 

** 

X 

= X 


(iv) 

(ax) * 

— k 

= ax for every x,y e A and a e C. 

If A 

has an involution 

k 

then elements of the form x x are 


called positive elements. Involution on A is said to be symmetric 

A. ^ “ 

if X = X holds V X € A. If A has a symmetric involution then it 


can be easily seen that A is dense in C^(AA) . A is called a 


"k k 

C -algebra if llxx I 


= X 


holds V X € A. 


Let A and B be commutative Banach algebras. A linear 
operator T ; A — > B is said to be spectral contraction 
(contraction) if || (Tx) |J^ s Halloo - II^ID holds V x e A. 
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Suppose that A and B are commutative Banach algebras with 

continuous involution. A linear operator T : A — ^ B is said to be 

... * . . . 
positive if for every x e A, T(x x) is a positive element of B. 

In particular, a linear functional on A is called positive if 

ic 

(p(x x) i 0 V X € A. All the operators and functionals considered 
in the thesis will be linear. For the sake of brevity we shall 
simply write them as operator and functional. 

If A does not have an identity then a continuous positive 
functional on A is said to be extendable if it can be extended 
as a positive functional on A^, where A^ is the Banach algebra 
obtained from A by adjoining an identity. 

A is said to have a bounded approximate identity if there is 

a uniformly bounded net {e } in A such that lim ||e x - x|| = 0 V 

^ a ^ 

X € A. 

For a -subset S of A, SS will denote the set {xx : x e S} 
and if X € A then xS will denote the set {xy : y e S}. 

2.3 Some special classes of groups 

Let G be a locally compact Hausdorff group. The set of 
equivalence classes of continuous irreducible unitary 

A. 

representations of G is denoted by G and is called the dual object 

A. 

of G. If G is abelian then G is identified with the dual group of 
G ([26], §27. 4 (a)). If G is compact then every continuous 
irreducible unitary representation of G is finite dimensional. 
For O' e G, d^ denotes the (finite) dimension of the representation 
space H^. I^ denotes the identity operator on and denotes 
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the character associated with a. (i/j ^ {l/***fd }) will 

denote the coordinate functions for a and an arbitrary but fixed 
orthonormal basis in The linear space spanned by the 

coordinate functions is denoted by ? (G) and is called the space of 
trigonometric polynomials. For the details we refer to Section 27 
and Section 28 of Hewitt and Ross [26]. 

We shall be needing several classes of locally compact 
groups. For the following definitions see [24]. 

(i) G e [IN] iff G has a compact invariant neighborhood of the 
identity. 

(ii) G e [SIN] iff G has a fundamental system of invariant 
neighborhoods of the identity, that is, every neighborhood of 
the identity contains an invariant neighborhood of the 
identity. 

(iii) G e [FIA]~ iff G e [SIN] and the sets |xyx~^ : x € Gj- 
are compact for each y e G. 

(iv) G € [Z] (or G is a central topological group) iff G/Z(G) is 
compact, where Z(G) is the centre of G. 

These classes satisfy the following inclusion relation (see, 
[24]). 

[Z] g [FIA]" g [SIN] g [IN]. 

It is known ([22]) that if G is a [Z] group then every 
continuous irreducible unitary representation of G is finite 
dimensional. So we use the same notations as for the compact 
case. If O' e G and K is a subgroup of G then crl^ will denote the 
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restriction of a on K. 


X € G is said to be a periodic element if [x] , the closed 
subgroup generated by x, is compact. G is called periodic if it 
consists of periodic elements. 

The commutator subgroup of G is the subgroup generated by the 
set -|xyx ^y ^ : x,y e g| and is denoted by G . If K^,...,K^ are 

subsets of G, <K^,..,Kj^> will denote the subgroup generated by 
these subsets . 

2.4 

On every locally compact group G, there exists a unique (up 
to scalar multiples) left translation invariant measure X, called 
the left Haar measure. If G is compact or discrete, Haar measure 
will be normalized in the standard way. That is, for G compact, 
Haar measure is normalized in such a way that X(G) = 1 and if G is 
discrete then it is normalized so that X({x)) = 1 V x e G. 

Usually we shall write dx for d X(x). For 1 s p < oo, L^(G) will 
denote the Banach space of all functions f on G such that |f|^ is 
integrable with respect to left Haar measure. L^CG) will stand 
for the Banach space of all essentially bounded functions on G. 

If f, g e L^(G) then the convolution of f and g is defined by 

f * 9(y) = f(x) g(x ^y)dx. If G is abelian then L^(G) is a 

' G 

commutative semisimple Banach algebra with convolution as 
multiplication. For f e L^(G), define f by f~(x) = f (x ^) . Then 
f — > f is a continuous symmetric involution on L^(G). 
Furthermore, L^(G) admits a bounded approximate identity and 
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maximal ideal space of L^(G) can be identified with G, the dual 
group of G, see [32]. 

If G is non abelian then Z(L^(G)) is nontrivial iff G e [IN], 
see [39]. If G is such a group then Z(L^(G)) is a commutative 
semisimple Banach algebra with convolution as multiplication. 
Moreover, it has a continuous symmetric involution - (defined as 
above) and a bounded approximate identity (see, [35]). 

M(G) will denote the Banach algebra of all bounded regular 
Borel measures on G. For u e M(G), p. will denote its 
Fourier-Stielt jes transform. 

Note that we are using the symbol * to denote convolution and 
involution both. However, it will be clear from the context 
whether it is being used for convolution or involution. 

2.5 Segal algebras 

Let G be a non discrete locally compact group. A dense 
subalgebra S(G) of L^(G) is called a Segal algebra if 

(i) S(G) is left translation invariant, that is, for every 
X e G and f e S(G) ^f also belongs to S(G). 

left translate of f, is defined by jjf(y) = f(x ^y) ) . 

(ii) S(G) itself is a Banach algebra with a norm || ||g. The 

norm |j ||g is left invariant, that is, ~ i^is ^ ^ ^ 

S(G) and X e G. 

(iii) For each f e S(G), the map x — > ^f from G into S(G) is 
continuous. 
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If G is abelian then S{G) is a cononutative semisimple Banach 
algebra and its maximal ideal space can be identified with G. 
S(G) has a continuous symmetric involution provided it is closed 
under the involution (inherited from L^(G)). A proper Segal 
algebra can never admit a bounded approximate identity. The basic 
references for Segal algebras are the books by Reiter ([51], [52]). 
We now give some examples of Segal algebras. 

(1) b^(G) n C^(G) and L^(G) n L^(G) with norms l|f|lg = llfl^ 

i|£|L l*lls ' l^li l*lp (1 < P < “)• 

(2) G compact; C(G) and L^(G) (1 < p < ») with norms |j |[^ 

and II Ip. 

(3) If G is abelian and m is a positive unbounded measure on 
G then aP(G) = /f e L^(G) : f e LP(G,iLi)| (1 £ p < ») 

with norm ||f|| + |f| ,, is a Segal algebra. We 

lP(G,u) 

simply write it A (G) when ii is the Haar measure on G. 

P 

2.6 Korovkin Theory in commutative Banach algebras 

Since the appearance of the classical theorem of Korovkin in 
1953 [30], many mathematicians have worked in order to extend the 
theorem to other function spaces or more generally to abstract 
spaces. They adapted many directions such as Banach lattices, 
Banach spaces, Banach algebras and so on. 

In this thesis we shall be concerned with the Korovkin theory 
in commutative Banach algebras. Study of universal Korovkin sets 
in commutative Banach algebras was initiated by Altomare (see, 
[1],[2], [3]). It has been nurtured and enriched by Altomare, 
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Pannenberg, Romanelli, Beckhoff and many other authors- 


Let A be a commutative Banach algebra with a continuous 


involution and S be a subset of A. Kor^(S), the universal 
Korovkin closure of S with respect to positive operators is 
defined as follows (see, [2] and [3]): 


Kor;^(S) 


= { 


y e A 


for every commutative Banach algebra B with 


continuous symmetric 
* -homomorphism T : A - 




involution, every algebraic 
B and every uniformly, bounded 


net {T^} of positive operators from A to B, 


a 




Tx) li = 0 for all x e S implies lim || (T y - Ty) 

II CO ' OC 

a 

If Kor^(S) = A, we say that S is a universal Korovkin si 



in 

A w.r.t. positive operators, (in case when S is a lineeiir'* 
of A, S will be referred as universal Korovkin spgfee© 
positive operators). 

Universal Korovkin closure and universal Korovkin sefea 'W.r.ti; 
positive contraction operators and w.r.t. positive , '^ i^^ral 
contraction operators are defined similarly (one must ^ l^>lace 
'positive operators' by the respective class of operators, in the 


definition) . For the definition of contraction and spectral 

. 1 + 1 + 
contraction operators, see §2.2. ^°^u 

respectively will denote universal Korovkin closure of S w.r.t. 

positive contraction operators and universal Korovkin closure of S 

w.r.t. positive spectral contraction operators. If A has an 

identity then Kor^(S), Kor^^(S) and Kor^''^(S) are defined by 

requiring that B has an identity and T is unital. If A is a 
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* ... 

commutative C -algebra with an identity then the three notions 
Kor^{S), Kor^''’(S) and Kor^^(S) coincide (cf. [3], Theorem 1). 

Let E be a Banach space such that a partial order is defined 

on it. A subset S of E is said to be a Korovkin set in E w.r.t. 

positive operators if for every uniformly bounded net of 

positive operators on E, lim ||Th-hl| = OVh€ S implies 

a 

lim ||T^f - f|| = 0 V f € E. 
a 

If E = C^(X) (X locally compact Hausdorff space) then a 
subset S of C^(X) is a Korovkin set w.r.t. positive operators iff 
S is a universal Korovkin set in C^(X) w.r.t. positive operators 
(see [3], Theorem 1). 

In terms of so defined notion of Korovkin sets, Korovkin's 
original theorem may be restated as: 

The set is a Korovkin set in C([0,13,IR) w.r.t. 

positive operators. 

Korovkin's theorem has been generalized to the Banach space 
C(X,[R), where X is a compact Hausdorff space, by many authors. 
The following result has appeared in the work of Bauer [6], [7], 

Berens and Lorentz [12], Saskin [56] and others. 

Theorem 2.6.1 Let X be a compact Hausdorff space and S be a 

subset of C(X,1R) containing the constant function 1. Then S is a 

Korovkin set in C(X,IR) w.r.t. positive operators <==> X = -(x e X : 

if U e jW^(X) satisfies M(h) = h(x) V h e S then 4 = 5 
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The set on the right in Theorem 2.6.1 is referred as the 
Choquet boundary of S (or Choquet boundary of H, where H is the 
linear hull of S, and is denoted by Ch(H), see [49]). 

Theorem 2.6.1 was extended to the complex valued case by 
Altomare and Boccaccio in [4]. 

Theorem 2.6.2 (Altomare and Boccaccio [4], Theorem 2.1) Let X 
be a compact Hausdorff space and S be a subset of C(X,C) 
containing the constant function 1. Then S is a Korovkin set in 
C(X,C) w.r.t. positive operators iff 

X = |x e X: if /i € ^^(X) satisfies 4 (h) = h{x) V h e S then 4=5^j-. 

Theorem 2.6.1 was extended to C^(X,IR), where X is a locally 

compact Hausdorff space, by Bauer and Donner in [8]. 

Theorem 2.6.3 (Bauer and Donner [8], Corollary 4) Let X be a 
locally compact Hausdorff space and S be a subset of C^(X,IR). 
Then S is a Korovkin set in C^(X,IR) w.r.t. positive operators <==> 
X = -|x € X: if 4 e jM^(X) satisfies 4 (h) = h(x) V h e S then 4=5 ^j-. 

Among many interesting applications following result is also 
proved in [8]. 


Theorem 2.6.4 (Bauer and Donner [8], Prop. 4.3) Let X be a 


locally compact Hausdorff space and X be its one point 

0 ) 

compact if icat ion. Let H be a subspace of C(X ,!R), f e C (X,[R) be 

(j) o 


strictly positive and H^ be defined as H^ = ■|h(f|^) : h e nj-. If 


X c Ch(H), the Choquet boundary of H, then H^ is a Korovkin space 
in C^(X,iR). 
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Complex valued analogue of Theorem 2.6.3 is a particular case 
of the following general result due to Altomare [2]. 

Theorem 2.6.5 (Altomare [2], Cor. 1.2) Let A be a commutative 
Banach algebra with a continuous symmetric involution and S be a 
subset of A. Then S is a universal Korovkin set in A w.r.t. 
positive operators iff for every m e AA and for every continuous 
positive functional <p on A, the relation <^(x) = m(x) V x e S 

implies <^(y) = m(y) V y e A. 

Korovkin sets w.r.t. positive contraction operators in the 
space C^(X,IR) have been studied in Bauer and Donner [9] and Bauer 
[6]. We now list some results regarding universal Korovkin 
closure and universal Korovkin sets w.r.t. positive contraction 
operators which we shall be needing in the sequel. 

Theorem 2.6.6 (Altomare [2], Theorem 4.1(1)) Let A be a 

commutative Banach algebra with continuous symmetric involution 
and S be a subset of A. Then 

Kor^'*’(S) =iyeA: ifmeAA and ^ is a continuous positive 

11 I Ct) 

functional on A such that ||(^|| s 1 and if <^(x) = m(x) 

for all X € S then <^(y) = m(y)|. 

Following theorem is a particular case of Theorem 2.6.6 for 
A = C^(X) . • 

Theorem 2.6.7 (Altomare [2], Theorem 4.2) Let X be a locally 
compact Hausdorff space and X ^ be its one point compactif ication. 

Ct) 

Let S be a subset of C (X) . Then 

o 
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Kor^"*’(S) = |f e C^(X) : if fi e ^^(X) with j|M|j s 1 and x e and 

if fJi(h) = h(x) V h e S, then M(f) = f(x)|. 

Theorem 2.6.8 (Altomare [2], Corollary 4.3) Let S be a subset 

of C^(X) such that it separates points of X strongly. Then 
2 

S u |S| is a universal Korovkin set in C^(X) w.r.t. positive 

r 2 r 2 V 

contraction operators. ,|S| =-llfl rfeSj-. 

Following result will be useful for constructing universal 
Korovkin sets w.r.t. positive contraction operators. 

Theorem 2.6.9 (Altomare [2], Corollary 4.5) Let A be a 

commutative Banach algebra with continuous symmetric involution 

and a bounded approximate identity {e } such that Sup ||e || :£ 1. 

a 

A 

If S is a subset of A such that S separates points of AA strongly. 

* . . . . . . 
Then S u SS IS a universal Korovkin set in A w.r.t. positive 

contraction operators. 

Furthermore, if S = ix^, . . . ,Xj^j- is finite, then ■|x^,...,x^, 
!} *1 . . ' 

X h IS a universal Korovkin set in A w.r.t. positive 

i=l J 

contraction operators. 
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CHAPTER III 


KOROVKIN THEORY FOR POSITIVE OPERATORS ON GROUP ALGEBRAS 

Universal Korovkin sets w.r.t. positive contraction operators 
have been extensively studied, see, for example, Altomare [2], 
Pannenberg [45], [46], Pannenberg and RomaneTli [47]. However, 

not much information about universal Korovkin sets w.r.t. positive 
operators is available in the literature. In this chapter we 
attempt to fill this gap and provide further information which, in 
particular, applies to the Korovkin theory w.r.t. positive 
contraction operators as well. At this point it is worth 
mentioning that a universal Korovkin set w.r.t. positive 
contraction operators may fail to be universal Korovkin set w.r.t. 
positive operators. For example, the set of functions -|x,x^j- in 

C^((0,1]) is not a universal Korovkin set w.r.t. positive 

operators though it is a universal Korovkin set w.r.t. positive 

contraction operators. In fact, a subset S of C^((0,1]) is a 

universal Korovkin set w.r.t. positive operators iff Vx^ e (0,1] 

and for every positive bounded i agular Borel measure fi on (0,1], 

the equations M(h) = V h e S, imply that 4 = 6 ^ (Theorem 

^o 

4 

2.6.5). If we take x^ = 2/3 and define 4 as 4 (f) = - f(t) dt V 

b 

f € C^((0,1]), where dt denotes the Lebesgue measure restricted to 
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(0,1], then it is easy to check that /i(h) = h(2/3) V h e 

but u * 62 / 3 . 

On the other hand, in view of Theorem 2.6.8, -|x,x^j- is a 

universal Korovkin set w.r.t. positive contraction operators since 
the function x separates points of ( 0 , 1 ] strongly. 

Throughout this chapter A denotes a commutative Banach 
algebra with continuous and symmetric involution. The phrase 
^universal Korovkin set' would mean 'universal Korovkin set 
w.r.t. positive operators' unless otherwise stated. 

We shall say that a Banach algebra A with a continuous 
involution satisfies property 'P' if: 

(P) Every continuous positive functional on A satisfies the 
inequality 

A. 

|^(x) I s C||x||^ V X e A, for some positive constant C. 

Note that a commutative Banach algebra with continuous symmetric 
involution and bounded approximate identity satisfies property 
'P' , (cf . [37] , p. 275) . 

In fact, a commutative Banach algebra with continuous 
symmetric involution and such that its every continuous positive 
functional is extendable satisfies property 'P' ; 

for if 0 is a continuous positive functional on A which is 
extendable then there exists a constant C such that 

|0(x)|^ s C <p(x*x) V X € A. [See, [26], Theorem 21 . 18 , p. 317 ] . 
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Now proceeding as in Gelfand-Raikov-Shilov ([20], §8.14, p. 62), 
we get V x e A 

i<^(x) I ^ cii (x*x) iiy^ 

= Cj|x|^, by symmetry of involution. 

Motivated by the results proved by Bauer and Donner [8] for 
the algebra C^(X,IR) we describe, in Section 1, a method for 
constructing universal Korovkin sets in a Banach algebra A with 
property 'P' . We use this to characterize the Banach algebras A 
with property which admit a finite universal Korovkin set 
w.r.t. positive operators. This characterization has many useful 
consequences. In particular, using results proved in [45], we 
obtain a characterization of the locally compact abelian groups G 
for which L^(G) admits a finite universal Korovkin set w.r.t. 
positive operators. 

In Section 2 , we characterize the compact groups G for which 
the commutative Banach algebra Z(L^(G)) admits a finite universal 
Korovkin set. As a consequence we obtain a characterization of 
all the connected [Z] groups G for which Z(L^(G)) admits a finite 
universal Korovkin set. 

In Section 3, we deal with the situation when a [Z] group G 
is not connected and provide sufficient conditions in order that 
Z(L^(G)) admits a finite universal Korovkin set. These conditions 
turn out to be necessary as well, for a large class of central 
topological groups. In fact, we prove the following theorem: 
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Theorem 


Let G be a [Z] group having a compact open normal sub- 
group K such that G = KZ. Then following are equivalent. 

(1) Z(L^(G)) admits a finite universal Korovkin set. 

(2) G is separable metrizable and G/K has finite torsion 
free rank. 

(3) G is finite dimensional separable metric space. 

We also show that if G is a separable metrizable periodic [Z] 
group then Z(L^(G)) admits a finite universal Korovkin set. 

§1 

We shall prove the following Theorem, 

Theorem 3.1.1 Let A be a commutative Banach algebra with 
continuous symmetric involution and satisfying property 'P'. Then 
following are equivalent. 

(i) A admits a finite universal Korovkin set w.r.t. positive 
operators . 

(ii) There exist finitely many elements in A such that their 
Gelfand transforms separate points of AA. 

The proof depends on some intermediary results which we 
develope first. We shall need the following theorem due to 
Altomare [2] and some of its immediate consequences. 

Theorem 3.1.2 [Altomare, [2], Corollary 1.2] Let A be a 
commutative Banach algebra with continuous symmetric involution 
and S be a subset of A. Let Kor^(S) denote the universal Korovkin 
closure of S in A w.r.t. positive operators. Then 
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Kor^(S) = |y e A : if 0 is a continuous positive functional on A 
and m e AA and if ^(x) = in(x) for all x e S, then 

<P(Y) = in(y)J- 

Corollary 3.1.1 Let X be a locally compact Hausdorff space and S 
be a subset of C^(X,C). Then 

Kor^(S) = jf e C^(X,C) : if x e X and p. e ^^(X) satisfy 

p(h) = h(x) for all h e S, then p(f) = f(x)j-, 

where ^^(X) denotes the set of all positive bounded regular 
Borel measures on X. 

Corollary 3.1.2 Let A be a commutative Banach algebra with 
continuous symmetric involution and satisfying property 'P' . Let 
S be a subset of A. Then S is a universal Korovkin set in A 
w.r.t. positive operators <==> S is a universal Korovkin set in 
C^(AA) w.r.t. positive operators. 

Proof Since A has symmetric involution, A is dense in C^(AA), 
therefore, the implication '==>' is obviously true. 

We now prove the reverse implication. Let m € AA and ^ be a 
continuous positive functional on A such that 0(x) = m(x) V x e S 
holds. Since A satisfies property 'P' , there exists a constant C 
such that 

\<Pix) 1 i C llxf^ V X e A. 

Thus <f) gives rise to a positive functional on A which is 
continuous w.r.t. supremum norm. Thus we get a measure p e i(^(AA) 
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such that 


jLX(X) = 0(x) V X 6 A. 

/N .A. -A 

In particular, we have fi(x) = x(in) V x e S. Since S is a 
universal Korovkin set in C (AA) , it follows that u = 5^. 

O III 

A A 

Therefore /i(y) = y(in) V y e A 
or 0(y) = in(y) V y e A. 

This completes the argument. 


Let X be a locally compact Hausdorff space and X , be its one 

(j) 

point compactif ication. Let f be a strictly positive function in 
C„(X,IR) . Let H be a subspace of C(X ,C) and denote the 

O Cl) X 

subspace of C^(X,C) defined as = |f(h|^) :h e Ilj-. 


In view of Corollary 3.1.1, it can be easily seen that the 
following complex valued analogue of Lemma 4.2, Bauer and Donner 
[8] , holds. 

+ + . 

Proposition 3.1.1 Kor^(H) and Kor^(H^) satisfy the following 
inclusion, 

(Kor;^(H)) Ijj c I Kor;^(H^). 

As a consequence we have the following (cf. Proposition 4.3, 

[ 8 ]) . 


Corollary 3.1.3 If X £ Ch(H), the Choquet boundary of H, then 
is a universal Korovkin space in C^(X,C) w.r.t. positive 
operators . 
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The proof of the following proposition is based on the 
techniques similar to those used by Altomare in [2, Corollary 
4.3] . 

Proposition 3.1.2 Let S be a subset of C^(X,C) such that it 
separates points of X. Let f € C^(X,IR) be such that f > 0. Then 
{f} u f S u |s| is a universal Korovkin set in C^(X,C) w.r.t. 
positive operators. 

Proof Let S' be the subset of C(X^,C) obtained by extending 
functions in S continuously to X . Let H denotes the linear hull 

6t) 

2 

of the set {1} u f S' u f |S'| then is the subspace spanned by 
the set {f} u f S u f |S| . We show that is a universal 

Korovkin space in C^(X,C) w.r.t. positive operators. In view of 
Corollary 3.1.3, it suffices to show that X £ Ch(H) . Let x € X 
and fji 6 ^^(X, ,) such that ii(h) = h(x) V h e H. We must show that iJ. 

D (jj 

since 1 e H, /i is a probability measure. Hence it is enough 
to show that Supp(y) = {x}. Since ju is regular, it suffices to 
show that for every compact subset K of X^ - {x}, m(K) = 0. 

Let K be a compact subset of X^ - {x} and y e K, then y ^ x. 
Since S separates points of X, there exists h e S such that h(y) * 
h(x). Therefore there is a neighborhood U^, of y such that h(z) * 

h(x) V z e Uy,. Now -|Uy : y e Kj- is an open cover of K. Since K 

is compact, there exist finitely many function h^,...,h^ e S such 
that for each y e K, h^(y) * h^(x) for some i, 1 ^ i ^ n. 
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Let g 


■»* / / 2 * 

Y |h. “ (x) ! f where h. denotes the continuous 

i=l 


extension of 

h. to X . It is 
1 w 

clear 

on K. 

- 

n " , - 

n 

Now ; g dju = 

^ I ; dii 

- I 


i=l . ^ 

i=l 

X 

X 


0) 

0) 



n 

/ 


- Z h.(x) : 
i=l 

X 

(j 

h^ d/i 


n , _ 

n 

= 

Z |h^(x) p - 

2 Z 


i=l ^ 

i=l 


that g IS nonnegative and g > 0 

h^(x) h^ du 

X 

u> 

+ I |h. (X) 1^ , 1 dAi 

i=l 

\h.ix)\^ + E ihi(x)|2 
i=l 


= 0 . 


(since y = 5^ on H) 


Hence g = 0 /i-almost everywhere. But g > 0 on K, therefore, 
/i(K) = 0. This completes the proof. 


The proof of Proposition 3.1.2 implies the following 
corollary. 

Corollary 3.1.4 Let -|f ^ , . . . , f^ j- be a finite subset of C^(X,C) 

separating points of X and let f be a strictly positive function 
in C^(X,1R). Then f^,....,f f^^, f ^ universal 

Korovkin set in C^(X,C) w.r.t. positive operators. 

Corollary 3.1.2, now combined with Proposition 3.1.2 and 
Corollary 3.1.4, yields the following: 


Corollary 3.1.5 Let A be a commutative Banach algebra with 
continuous symmetric involution and satisfying property ^P'. 
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Suppose that A contains a set S and an element x such that S 
separates points of AA and x is strictly positive on AA. Then 
{X} u X S u X SS* is a universal Korovkin set in A w.r.t. positiv 
operators . 

If S is finite, say S = |x^ , . . . , x^^j , then -|x, xx^,...,xx^, 

^ *'1 . 

X 5] x.x. > IS a universal Korovkin set in A w.r.t. positive 
i=l J 

operators. 

Remark 3.1.1 Corollary 3.1.5 indicates a way for constructing 
universal Korovkin sets w.r.t. positive operators. We shall use 
it to provide some examples at the end of this section. 

Now we are ready to prove Theorem 3.1.1. 


Proof ^ Theorem 3.1.1 (i) ==> (ii) is obvious. In fact, members 

of finite universal Korovkin set in A will satisfy the 
requirements of (ii). 


Conversely, let S 





n 


be a finite subset of A such that 


S separates points of AA. In view of Corollary 3.1.5, it suffices 

A. 

to show that there exists an element x e A such that x > 0. For 
this first we show that AA is second countable. 


Let A A = AA u {0} be the one point compactif ication of AA. 

(l) 

/ /S 

Let X. denotes the continuous extension of the function x. to A A. 

1 1 Ct) 

Consider the map 

$ : A A — > defined as 

0) 

A / /s / 

f(y) = (1, Xj^(r) , . . . ,Xj^(y) ) , 7 6 A^A. 
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since the functions 1, separate points of A^A, $ is one 
to one. Also $ is continuous. Since A A is compact and is 
Hausdorff , $ is a homeomorphism of A A onto $(A A) . Thus A A may 

Lu (j) Cl) 

be regarded as a compact subset of c" . Therefore AA is second 
countable. 

Now symmetry of involution in A implies that m(xx) iOVmeAA 
and V X e A. Further, since AA consists of nontrivial 
homomorphisms ; 


V m € AA, there exists x e A (depending on m) such that m(x ) * 0. 

in m 

* * 

Hence m(x x ) > 0 or equivalently (x x ) (m) > 0. 

mm mm 

Now continuity of Gelfand transform implies that there is a 


neighborhood U of m in AA such that (x x ) (tj) > 0 V t) e U . 

m mm m 


Thus 


{“m : ” = Aa} i 


me AAJ- is an open cover of AA. . Since AA is second 


countable there is a countable subcover 


Ki;. 


30 = 

y. 


let us write y. for x x . Now let x = V . 

-■33 3=1 2^ y. 


For each j , 


it is clear 


that X e A and x > 0. 

This completes the proof. 


Remark 3.1.2 Proof of Theorem 3.1.1 reveals the following fact, 
which may be of independent interest: 

Let A be a commutative Banach algebra with symmetric 
involution. Then following are equivalent. 

(i) Finitely many elements in A separate points of AA. 

(ii) Finitely many elements in A separate points of AA strongly. 
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Furthermore, following fact, which we shall refer frequently 
in the sequel, is observed in the proof of Theorem 3.1,1. 

Let A be a commutative Banach algebra. If finitely many elements 
in A separate points of AA then AA is a finite dimensional 
separable metric space. 

Remark 3.1.3 In [45, p. 452], Pannenberg has observed the 

following fact: 

Let A be a commutative Banach algebra with continuous 
symmetric involution and bounded approximate identity. Then 
following are equivalent. 

(1) A admits a finite universal Korovkin set w.r.t. positive 
contraction operators. 

(2) There exist finitely many elements in A such that their 
Gelfand transforms separate strongly the points of AA. 

In view of Remark 3.1.2 now the word 'strongly' may be 
omitted in (2) . 

An immediate corollary of Theorem 3.1.1 is the following : 

Corollary 3.1.6 Let A be a commutative Banach algebra with 
continuous symmetric involution and satisfying property 'P'. Then 
following are equivalent. 

(i) A admits a finite universal Korovkin set w.r.t. positive 
operators . 

(ii) A admits a finite universal Korovkin set w.r.t, 
positive contraction operators. 
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(iii) There exist finitely many elements in A such that their 

Gelfand transforms separate points of AA. 

In view of Corollary 3.1.6, results w.r.t. positive 
contraction operators obtained by Pannenberg in [45] hold w.r.t. 
positive operators as well. For example. Theorem 1 and 
Proposition 3 of [45] give rise to following corollaries. 

Corollary 3.1.7 For a locally compact abelian group G with dual 
group G, following are equivalent. 

(i) L^(G) admits a finite universal Korovkin set w.r.t. positive 
operators . 

(ii) G is finite dimensional separable metric space. 

Corollary 3.1.8 Let A, B be commutative Banach algebras with 
continuous symmetric involution and bounded approximate identity. 
Let A @ ^ B be the projective tensor product of A and B. Then 

A. 

A 0 ^ B admits a finite universal Korovkin set w.r.t. positive 
operators iff A and B admit. 

We conclude this section with some examples of application of 
Corollary 3.1.4 and Corollary 3.1.5. 

Example 3.1.1 Consider the Banach algebra C^(Ir”,C), n i 1. 

Let S = I exp (-||xp) , . . . ,x^ exp (-l|xl|^) | and f(x) = 
exp(-||x||^) , where l|x||^ = J] |x. for x = (x , ...,x ) e Ir”. It 

1=1 X 11 

is clear that S separates points of IR^ and f > 0. An application 
of Corollary 3.1.4 yields that 
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jexp (-||x||^), x^ exp(-2||x||^) , . . . ,x^ exp (-2 ||xj| ^) , Ijxjj^ exp(-3||xl|^) | 

is a universal Korovkin set in C^(IR^,C) w.r.t. positive operators. 

In particular, if n = 1, -|exp(-x^), x exp (-2x^) , x^ exp(-3x^)j- is 

a universal Korovkin set in C^(!R,C) w.r.t. positive operators. 
Note that this set consists of three functions. The next example 
shows that C^([R,C) has a universal Korovkin set consisting of just 
two functiohs. 

Example 3.1.2 Let us consider the Banach algebra L^(iR) with 
involution where 

f~(x) = f(-x). 

Let A and /i be two fixed real numbers such that X > 0. We define 
functions f and g in L^(IR) as 

' exp [(A+i/i)x3 if X < 0 

f(x) = ^ 

^ exp [(-A+i4)x] if X 2: 0 
^ 0 if X < 0 

and g(x) = -f 

^ exp [(-A+ifi)x] if X a 0 

A simple computation shows that 

f = g+g = 2 A g * g, where * denotes the convolution in L^(IR) , 

^ i 

and g(x) = 

(<i-x) + iA 

It is clear that g separates points of IR and f = 2 A | g | > 0 . 

Now, Corollary 3.1.5 applied to this situation gives 


33 



L^(IR) 


= Kor^ 

li*' 

f * g, f * 

g * g 

= Kor"^ 
u 


(g+g) * g. 

(g+g) 

= Kor'*' 
u 


g * g + g 

* g/ < 


1 


-'1 > 
k ■ 

J 


= Kor, 


tg + g*g + 2g*gj 
(we can neglect scalar multiples) 


g * g + f, g * g + (g . g)" + i ( 


= Kor 


= Kor 


; 5 * 5}: 


if X < 0 


where h(x) = g*g(x) =-< 


X exp[ (-X+i4) X] if X i 0 

Thus |f,hj- is a universal Korovkin set w.r.t. positive operators 

. 1 ... 

in L (R) consisting of just two functions. 

Observe that in view of Corollary 3.1.2, ^ universal 

Korovkin set in C^(!R,C) w.r.t. positive operators. Therefore, the 


set of functions 


{ (M-x)^ + ' r(u-x) + iXl^ 


is a universal 


[ (M-x) + iX]' 


Korovkin set in C^(IR,C). 


Example 3.1.3 Let G be any compact metrizable abelian group. 

• • » ^ • CO 

Since G is metrizable, its dual group G is countable. Let 
be an enumeration of G. Now consider the function 
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f = I It is clear that f > 0 and f separates points of 

n=l 2 


G. By Corollary 3.1.5, \ f, f * f, f * f * f 


} 


is a universal 


Korovkin set in L'‘'{G) w.r.t. positive operators. More explicitly, 

this set is / I ~ if , I — <r, I — r }. 

t n n' ^ n n' ^ n n I 

V n=l 2 n=l 4 n=l 8 f 

In fact, if sequence of distinct positive 

CD ,CD 

numbers satisfying I a < then y a r , Y a 7 , I a 7 > 

v,-n n^n' n'n' n"nf 

n=l '-n=l n=l n=l ^ 

is a universal Korovkin set in L^(G) w.r.t. positive operators. 


This example shows that for any compact metrizable abelian 
group G, the algebra L^(G) admits a universal Korovkin set w.r.t. 
positive operators consisting of three functions. 


Remark 3.1.4 In the above example the function f is such that f 

A 

separates points of G strongly. Therefore, Theorem 2.6.9 implies 


that 




f * f| is a universal Korovkin set in L (G) w.r.t. 


positive contraction operators. We now show that this set fails 

to be a universal Korovkin set in L^(G) w.r.t. positive operators. 

. . 1 29 1 

Consider the function g = -zt 3', + 7 ^ + -^ If-,- 

64 1 32 2 8 3 


It is clear that g is a continuous positive definite function on 
G. Thus g defines a continuous positive linear functional on 
L^(G). Also, 


and 

But g ^72- 


< t,g > = — 5 - = < f, 7 ^ > 
2 ^ 


<f*f, g>=-^=<f*f, 7 ^ >- 


Hence, in view of Theorem 2.6.5, -If, f * f> is not a 


{f, f * f} 
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universal Korovkin set in L^(G) w.r.t. positive operators. 

§ 2 . 

Let G be a locally compact group. Consider Z(L^(G)), centre 
of the group algebra L^(G), It is well known that Z(L^(G)) is 
nontrivial iff G is an [IN] group. Further, it is well 
established that Z(L^(G)) is a commutative Banach algebra with 
bounded approximate identity, see, §2.4. 

Motivated by the results obtained by Pannenberg [45] and also 
by Corollary 3.1.7 of last section, one is tempted to ask the 
following; 

Question 3.2.1 When does Z(L^(G)) admit a finite universal 

Korovkin set w.r.t. positive operators? 

In this section we provide complete answer to this question 
for the case when G is a compact group and for the case when G is 
a connected [Z] group. 

Let G be a compact group and G be its dual object. It is 
well known that the maximal ideal space of Z(L^(G)) can be 
identified with the set of all normalized characters of G, with 

discrete topology, see ([26], §28.71, p. 109). We denote this set 

f ^<T ''I .... 

by 3f = I ^ : O' € G ’^'cr the multiplicative linear 

functional corresponding to a e G, then 

2: (X) 

T^(f) = f(x) ^ dx, f € Z{L-"(G)). 

cr 

G 
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We shall show that if G is a compact group then Z(L^(G)) has a 
finite universal Korovkin set iff G is metrizable. More 
precisely, we have the following: 

Proposition 3.2.1 Let G be a compact group. Then Z(L^(G)) 
admits a finite (three element) universal Korovkin set w.r.t. 
positive operators iff G is metrizable. 


Proof Suppose Z(L'^(G)) admits a finite universal Korovkin set. 
This means that there are finitely many functions in Z(L^(G)) such 


their Gelfand transforms separate points ofT = -|g— rcreG 

°cr 


}■ 


In 


view of Remark 3.1.2, X is second countable, hence so is G. Now 

A. 

since G is discrete, it follows that G is countable. Therefore, 

A 

by Corollary 28.11 ([26], p. 65), G is metrizable. 

A 

Conversely, suppose that G is metrizable. Then G is 
countable. We shall show that there exists a function in Z(L^(G)) 
whose Gelfand transform is strictly positive as well as separates 
points of X. 


Let 


/ > CO 


be an enumeration of G. Let 


KL 


be a sequence of 


distinct positive numbers satisfying Y. ^ “* 

n=l n 


Define f(x) = Y % d x (x) , x e G. 
n=l n n 

Z(L^(G)) . 

Now, for any positive integer m. 


It is clear that f e 


T (f) = 
cr ' ' 
m 


f(x) -/ dx 

O'- 

m 


1 

d 


m 


Y ^cr ^cr ^(T 

n=l n n m 
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00 


y a d 
n a 

a n=l n 

in 


(X) (X) dx 

n m 


= a^, in view of orthogonality relation between characters. 

/ s 

Since a are positive numbers, x (f) >0Vcr6G. 
n 'cr 

^ s 

Now suppose that x (f) = x (f) , then we get a = a, . Since a 

cr ' ' a, ' m k n 

m k 

are distinct, it turns out that = cTj^. Thus points of T are 
separated by Gelfand transform of f. 

By Corollary 3.1.5, |f, f * f, f * f * fj- is a universal Korovkin 

set in Z(L^(G)) w.r.t. positive operators. More explicitly, this 
set is 



a 


n 



00 


E 

n=l 




CO 


E 

n=l 





Remark 3.2.1 


In view of Theorem 2.6.9, if f is the function 


constructed in the proof of Proposition 3.2.1 then 




f * = 


{ 


a 


n=l 


n 


Z(L-"(G)) 


2 1 . . . . 
d ir,5^a d X J-isa universal Korovkin set in 

^n ‘^n n=l ^ °^n n ^ 

w.r.t. positive contraction operators. 


Next we establish a proposition and some corollaries which 
will lead us to an answer of Question 3.2.1 when G is a connected 
[Z] group. In the remaining part of this chapter, unless 
otherwise stated, G will denote a [Z] group and Z (or Z(G)) will 
denote centre of G, dx will denote the Haar measure on G/Z. 

We shall need the following result due to Grosser and Moskowitz 
([23], Theorem 2.1). 
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Lemma 3.2.1 Let G be a [Z] group. Define the operator # on 
L^(G) as 

f^(y) = f (xyx dx , y 6 G. Then Z(L^(G)) = (L^(G))^. 

G/Z 

Proposition 3.2.2 Let G^ and G^ be [Z] groups. Then Z(L^(G^xG 2 )) 

1 1 ^ . . 

= Z(L (G^)) © ^ Z(L (G^)), where © ^ denotes the projective tensor 

product . 

Proof It is well known that L^(G^ x G^) = L^(G^) ® ^ L^(G 2 ). In 
view of this relation and Lemma 3.2.1, it suffices to show that 

(f^ 0 = f^ @ f^ ^1 ^ L^(G^) and V f^ e L^CG^). 

Observe that Z(G^ x G^) = Z(G^) x ZCG^). Hence Second Isomorphism 
Theorem for topological groups implies that 

(G^ X G^)/Z{G^ X G^) - G^/Z(G^) x G^/Z{G^). 

Let dx and dt denote normalized Haar measures on G^/Z(G^) and 
G^IZ{G^) respectively, then the product measure d(x,t) will be 
normalized Haar measure on 

G^/Z(G^) X G2/Z(G2) = (G^ x G2)/Z(G^ x G^) . 

Now for (y^,y 2 ) e G^ x G 2 , 

(f^ 0 = (f^ ® f2) ((x,t) (y^,y2) (x,t)"^)d(i,t) 

\g^xG^)/Z{G^ X G2) 

r 

= @ f 2 ) (xy^x“^,ty 2 t”^) d(x,t) 

G^/Z(G^) X G^/Z(G^) 
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= f^(xyix“^)f2(ty2t~^)dx dt 

G^/Z(G^) ^/Z(G2 ) 

-1 • ' -1 • 
fl(xyiX ) dx • f 2 (ty 2 t )dt 

G^/ZCG^) G^IZ{G^) 

This completes the proof. 

Proposition 3.2.2 combined with Corollary 3.1.8 yields the 
following; 

Corollary 3.2.1 Let G^ and G 2 be [Z] groups. Then Z(L^(G^ x G 2 )) 
admits a finite universal Korovkin set <==> Z(L^(G^)) as well as 
Z(L^(G2)) db. 

If G = V X K, where V is a vector group and K is a compact group, 
we get following answer to the Question 3.2.1. 

Corpllalry 3.2.2 Let G = V x K. Then Z(L^(G)) admits a finite 
universal Korovkin set iff G is metrizable. 

Proof Suppose Z(L^(G)) has a finite universal Korovkin set. 

Then, Corollary 3.2.1 implies that Z(L^(K)) admits a finite 
universal Korovkin set. Hence K is metrizable (Proposition 
3.2.1). Since V is a vector group, it follows that G is 
metrizable. 

Conversely,- suppose G is metrizable. This means that K is 
metrizable. Therefore by Proposition 3.2.1, Z(L^(K)) admits a 

finite universal Korovkin set. Since Z(L^(V)) = L^(V) admits a 
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finite universal Korovkin set, it follows that Z(L^(G)) admits a 
finite universal Korovkin set. 

Corollary 3.2.2 already contains an answer to the Question 
3.2.1 for some special classes of [IN] groups. Recall that we 
have the relationship 

[Z] g [FIA]~ g [SIN] g [IN]. 

Corollary 3.2.3 Let G be a group satisfying either of the 

following two conditions, 

(i) G is a connected [SIN] group. 

(ii) G is an [FIA] group such that G/G^ is compact, where 
G^ denotes the connected component of identity in G. 

Then Z((L^(G)) admits a finite universal Korovkin set iff G 
is metrizable. 

Proof Observe that if G satisfies either of the two conditions, 
then G = V X K, where V is a vector group and K is a compact 
group, see. Grosser and Moskowitz ([21], Theorem 4.3, p. 326) and 
([24], Proposition 4.4, p. 26) respectively. The corollary now is 
an immediate consequence of the Corollary 3.2.2. 

§3 

In this section we continue to investigate the Question 3.2.1 
for the case when G is a [Z] group. In Corollary 3.2.3, we have 
obtained complete answer to the Question for the case when G is a 
connected [Z] group or more generally for the [Z] groups G 
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Q> 


satisfying G/G^ is compact, where is the connected component of 
identity in G. 

By structure theorem ([21], Theorem 4.4, p. 328) every [Z] 
group G has the form G = V / H, where V is a vector group and H 
contains a compact open normal subgroup K. In view of this. 
Proposition 3.2.2 and Corollary 3.2.1 we need investigate only 
those [2] groups which contain a compact open normal subgroup. 
Note that if a [Z] group G contains a compact open normal subgroup 
then it contains such a subgroup K such that G/K is abelian, see 
([21], Corollalry 2, p. 331). 


It is well known that every continuous irreducible unitary 
representation of a [Z] group is finite dimensional, ([22], 
Theorem 2.1). As usual G will denote the set of all equivalence 
classes of continuous irreducible unitary representations of G. 

A. 

For cr e G, x and d will denote its character and dimension 
CT cr 

A 

respectively. If <r e G, we define 


T^(f) = 


f(x) , dx 


for f e Z(L (G) ) . 


Then defines a continuous multiplicative functional on 

Z(L^(G)). It is shown in Section 6 of [23] that every continuous 
multiplicative functional on Z(L^(G)) arises in this manner and 
the maximal ideal space of Z (L^ (G) ) can be identified with the set 
ceG^ with the topology of uniform convergence on 

V a 

compact subsets of G. Topology on X gives rise to a topology on 
in a natural way. 
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We begin with an investigation of the Question 3.2.1 for [Z] 
groups G containing a compact open normal subgroup K such that G = 
KZ . If G is such a group then it can be seen easily that G/K is 
abelian. We shall prove the following theorem. 

Theorem 3.3.1 Let G be a [Z] group. Suppose that it has a 
compact open normal subgroup K such that G = KZ. Further suppose 
that (i) G is a separable metric space and (ii) G/K has finite 
torsion free rank. Then Z(L^(G)) admits a finite universal 
Korovkin set. 

First we establish a Lemma which is needed for the proof of 
Theorem 3.3.1. 


Lemma 3.3.1 Let G be a [Z] group such that G = KZ for a compact 
subgroup K of G. Then K = : cr e g|. 

A. 

Proof Let cr € G. For x e G and z e Z we have 


cr (X = cr = <T = cr cr , 
X z xz zx z X 


Since -Icr^ : x e Gj- is an irreducible set of operators, it follows 

that cr = X (z) I , where I is the identity operator on (the 
zer o' O' 0 * 

representation space of cr) and X^(z) is a scalar depending on or 

A 

and z. It is easy to see that X e Z. Thus cr = X (z) cr V x e G 
and V z e Z. 


We shall prove that cr|j^ is irreducible. 

Let T be an operator on such that T cTj^ = cr^T V k e K. Let x e G 
then X = kz for some k e K and z e Z. 


Now, T cr^ = T = X^(z) T cr^^ 
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and 0-^ T - T = X^(z) T. 

Therefore, we have T a = o- T V x e G. But since icr : x 6 gI is 

^ X I X I 

an irreducible set of operators, it follows that T is a scalar 

y\ 

multiple of I . This proves that a\^ is irreducible. Thus K s 

U ' J\ 

f Ik = ‘ =;• 

In Theorem 5.1 of [22], Grosser and Moskowitz have shown that 
if K is a compact subgroup of a [Z] group G and cr e K, then there 
exists a p e G such that cr is unitarily equivalent to an 
irreducible component of p|j^- The inclusion* K £ : cr e cj- now 

follows from this. result. 

Proof of Theorem 3.3.1 In view of Theorem 3.1.1, it suffices to 
show that there are finitely many functions in Z(L^(G)) such that 
their Gelfand transforms separate points of X 

Let r be the (finite) torsion free rank of G/K. This means that 
there exist x^,...,x^ e G such that set of corresponding cosets, 
-|x^K, . . . ,x^Kj- is a maximal independent set of elements of infinite 

order in G/K. Moreover, since G = KZ, x^,...,x^ may be chosen to 
be central elements of G. 

Let H be the subgroup generated by K and Then H is 

an open normal subgroup of G and hence G/H is discrete. Since KcH 
and G/K is abelian, G/H is abelian. Since G is separable metric 
space, G/H is second countable and therefore G/H is countable. 
Moreover, G/H is a torsion group since -^x^K, . . . . ,x^Kj- is a maximal 

independent set of elements of infinite order in G/K. 
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since G/H is countable and G = HZ, we may choose 
sentatives -[s.]- of members of G/H such that each s. is a 


representatives js. ^ of members of G/H such that each s. is a 

I JJjeJ ^ 

central element of G, where J is a countable index set. Since 


G/H IS a torsion group |y(SjH) : r e (G/H) | is a finite subgroup 

of the circle T for each j € J. Therefore, for each j e J, there 
exists Cj > 0 such that 

|r(SjH) - 1| £ Cj V ^ e (G/H)" such that r(SjH) 1. (3.3.1) (a) 

Note that €j depends only on the coset s^H. Further, we may 
assume that < 1 V j e J. 


Let -{5 • be a summable sequence of positive niimbers satisfying 


€6 - 2 y 6.>0 
^ ^ j^n+1 3 


V n € J. 


(3.3.1(b) 

j-1 


(One such sequence is obtained by defining 6. = — ^ n e, , see 

^ 4^ k=l ^ 


[45, §3, p. 453]). 

Now, K is a compact open normal subgroup of G such that G = KZ. 

''I '^'1 

Therefore, it follows from Lemma 3.3.1 that K = « g|. 

Moreover, G is metrizable. Therefore K is metrizable and K is 
countable. Thus we may choose a sequence-[cr_l in G such that 


K = ^cr 


® 1 


00 


Let 

l“n] 

K 

be a 

n=l ' 

ii 

H 


00 




:isfying Y. 

a 

n 


< 00 . 

n=l 


n 



be a sequence of distinct positive 


Now we define r+2 functions on G as follows: 


^o “n ^o- ^K' 

n=l n n 


45 



denotes the characteristic function of K) 


F^(x) = F^(xxT^) for 1 i i s r and 




Since ■ each is a continuous central function and 

00 

2 

Y, < CD and K is a compact normal subgroup, F^ is a 

n=l n 

continuous central function with compact support. Thus F^ is in 
Z(L^(G)). Further, since Z(L^(G)) is closed under translation 


^l'^2''‘*'^r Z(L (G)). Also, since Y S. < oa, 

jeJ ^ 

belongs to Z(L^(G)). 


We shall prove that the Gelfand transforms of the functions 
F^, F^ , . . . F^, F^^^ separate point of X. 

Suppose a, p e G such that = '’^p(Fj^) V i = 0, 1, . . . ,r,r+l. 

We must show that a = p. Let dx denotes the Haar measure on G 
normalized so that measure of K is equal to 1. 

A. 

Since crL- € K, we have cr| = a |„ for some m e IN. Also d = d . 

‘ K ‘ K m ‘ K <T cr^ 

Now, 


T (F ) 
a o 



r CO 

I 

'^n=l 


a d 
n <j_ 


n 





dx 



^ “n^a ^cr 
, n=l n n 

K 


a n=l n , n m 

m 


= a • 
in 
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We note that x (F ) > 0 V cr e G. 

O' o 

Suppose p I for some J e IN. Then = “j • Therefore, 

if ^jj.(Fo) = then cr|j^ = pj^^, as ® are distinct. 

Next we compute for i i i s r. 




“n'^a 

cr j n=l n n 


i_ ‘ 

d 




cr „ n=l n ' n 

G 


(by invariance of Haar integral) 


E oc d X (X) (XX.) dx 

cr „ n=l n n 


K 


Now, 


‘ a- ^ Vo- 

cr n=l n ^ n 

K 


' (cr) 

(X) ;t^(^(xx^) dx = ^21 (xXj^) <ix 


K 


K 


d d d 

’ *^n (cr ) % % (°'to) /n■^ 

I u (X) I E u ® (X) u\p(x^) dx 
1=1 r=l j=l -’ -J 

k 


(note that cr|j^ = cr^lj^) 


d^ d^ d^ 

n m m ‘ (cr ) (<^-m) c/r^ 

= T. I I W “j? <='!> 

1=1 r=l j=l 

k 
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V(Fl) = 

Therefore / = a” X (x^) , 

O' O-^ 

HI III 

that is, i = l,...,r. 

We have seen in the proof of Lemma 3.3.1 that if x e G and 

z € Z then there exists a scalar ''•^^.(2) such that 

and X e Z. Therefore, 
cr 
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:t:^(zx) = X^(z) and 

= X^(ze) = ?i^(z) for z e Z. (3.3.1) (c) 

Since e Z and = Xp(x^) for 1 s i ^ r, we get = 

A.p(Xi) as d^ = dp. Let h e H. Since H = < x^,...,x^,K > and each 
Xj^ is central, 

n. n 

J. IT 

h = x^ . . . x^ k for some k e K and n^, . . . ,n^ e I. 

^r ^1 "r 

Now, ;^^^(h) = ...x^ k) = X^(x^ ...x^^) X^(k) 

"l ^r ^r 

and X^(h) = X^(x^ ...x^ k) = ^p(x^ ...x^ ) Xpik) . 

Since i:^(k) = i;p(k) V k e K, A^(x^) = ^p(Xj^) V i = l,...,r and 

A. 

A^,Xp € Z, we see that ;^^(h) = Xp(h) for h e H. 

Suppose that x^ * X • Since G = u s.H, there exists the least 

index i in J such that and Xp do not agree on s^H. Then 
l^^(s^h) * XpiSjh) for some h e H. That is, 

X^(s^) x:^(h) * (Note that each Sj is central.) 

Since x;^(h) = x;p(h), we have consequently 

Now, 


a 




ra 


a 


^m ^ 
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(3.3.1) (d) 


" % - 11 - 2 I 6 

- ^ 32:1+1 ■>- 

(Xp, X^ e L) 

Now = Xp on H. Therefore (3.3.1) (c) implies that 

X^ X^ = 1 on H n Z. 

P o- 

Next, we define if : G/H — > C by 

y(SjH) = Xp X^(Sj) , j € J. 

The definition of r does not depend on particular choice of 
central representatives of the cosets in G/H. For, if s is 
another central representative of the coset s^H then s^^s e H n Z 
and Xp X^(Sj) = X^(s). Furthermore, y is multiplicative on G/H 

because 

3r( (s^H) (SjH) ) = yCSj^SjH) =^p^o.(SiSj) = 

= y(Sj^H) y(SjH). Thus 7 e (G/H) . 

In view of (3.3.1) (d) and the definition of 7 , we have 

IV'f'r+l* - ■^p<''r+l>l ' “m ' ' 1| ’ 2 _ 

- % S2i3'<S2H) - 1| - 2 E 

“ u ^ j2:l + l 3 _ 


- Of 6,€,— 2 Y 

"" - ^ ^ j^l+1 3- 


> 0 . 


(by (3.3.1) (a) 

(by (3.3.1) (b)) . 


This contradicts the relation = "^p^^r+l^ * 

we must have x^ = ^p on G and cr = p. 
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This completes the proof. 


Remark 3.3.1 Applying Corollary 3.1.5 to the functions 

constructed in the proof of Theorem 3.3.1, we get a universal 
Korovkin set in Z(L^(G)) w.r.t. positive operators consisting of 


r+4 functions, where r is the torsion free rank of G/K. More 

f - ) 

precisely, ^ F ,F * F , F * F, ,..,F * F ,, F * T F. * F. ^ 

( o' o o' o 1' ' o r+l' o 1 1 J 

is a universal Korovkin set in Z(L^(G)) w.r.t. positive operators. 


Remark 3.3.2 The Gelfand transforms of the functions 

F^,F^, . . . constructed in the proof of Theorem 3.3.1, 

separate points of X strongly. In view of Theorem 2.6.9, 

f ~ 1 .1 

|F^, . . . ,F^^^, J] Fj^ * Fj^j- is a universal Korovkin set in Z(L (G) ) 
w.r.t. positive contraction operators. 


In Theorem 3.3.1 we have seen that for a [Z] group G having a 
compact open normal subgroup K such that G = KZ, the conditions, 

(i) G is separable metrizable and (ii) G/K has finite torsion free 
rank, are sufficient for Z(L^(G)) to have a finite universal 
Korovkin set. In next theorem we shall show that these 
conditions are also necessary. 


Theorem 3.3.2 Let G be a [Z] group. Suppose G has a compact open 
normal subgroup K such that G = KZ. Then following are 

equivalent. 

(1) Z(L^(G)) admits a finite universal Korovkin set. 

(2) G is separable metrizable and G/K has finite torsion 
free rank . 

(3) G is finite dimensional separable metric space. 


CENTRA tiSRAilf 

* * 
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Proof We have proved in Theorem 3.3.1 that (2) implies (1). 

Let us now show that (1) implies (3). Suppose Z(L^(G)) admits a 

finite universal Korovkin set. Then there are finitely many 
• • 1 ^ 

functions in (Z(L (G) ) ) separating points of the maximal ideal 
space 1 . Therefore T is a finite dimensional separable metric 
space (Remark 3.1.2). But this is equivalent to saying that G is 
finite dimensional separable metric space. 

Finally, we show that (3) implies (2) . Suppose G is finite 
dimensional separable metric space. It follows from Theorem 2.3 
of [25] that G is second countable. By Theorem 8.3 of [26], G is 
metrizable. 

Next we show that G/K has finite torsion free rank. Since G/K is 
discrete, (G/K) is compact. In view of Theorem 24.28, [26], it 

A, 

suffices to show that (G/K) has finite dimension. Now G/K is 
abelian. Therefore K contains the closure of the commutator 

/ A 

subgroup G . Thus (G/K) can be identified with a subgroup of 
(G/(g')“)". By Theorem 23.8 of [26], (G/(g')“)" |<t e G : d^ = l| 

A A 

with the relative topology as a subset of G. Since G is finite 

A 

dimensional, so is (G/K) . 

This completes the proof. 

We need the following proposition to show that if G is separable 
metrizable periodic [Z] group then Z(L^(G)) admits a finite 
universal Korovkin set. 

Proposition 3.3.1 Let G be a periodic [Z] group. Then G 

contains a compact open normal subgroup K such that G = KZ and G/K 
is a torsion group. 
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Proof Since G is a [Z] group, there exists a compact invariant 
symmetric neighborhood U of e such that G = UZ (see Lemma on p. 
365 in [22]). Let K be the subgroup generated by U. Then K is an 
open normal subgroup of G such that G = KZ. Moreover, since K is 
compactly generated and G is periodic, K is compact (see, 
Corollary 3.14, [24]). Thus K is a compact open normal subgroup 

of G such that G = KZ. 

Next, we show that G/K is torsion group. Since G/K is discrete, 

>s 

in view of Theorem 24.26 of [26], it is enough to show that (G/K) 
is 0-dimensional. Note that G/K is abelian because G = KZ. 

As A 

Therefore (G/K) can be identified with a subset of G, as in the 
proof of Theorem 3.3.2. Now G is periodic, therefore, by Theorem 

A. A 

2.3 of [25], G is totally disconnected. Since G is also locally 

A 

compact and Hausdorff, it is 0-dimensional. Therefore (G/K) is 
0-dimensional . 

Corollary 3.3.1 Let G be a periodic [Z] group. Then Z(L^(G)) 
admits a finite universal Korovkin set <==> G is separable 
metrizable. 

Proof Since G is a periodic [Z] group, by Proposition 3.3.1, 
there is a • compact open normal subgroup K such that G = KZ and 
torsion free rank of G/K is zero. Corollary now follows from 
Theorem 3.3.2. 

Remark 3.3.3 Let G be a separable metrizable (non compact) 
periodic [Z] group. Then Proposition 3.3.1 and Remark 3.3.1 
imply that Z(L^(G)) has universal Korovkin set w.r.t. positive 
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operators consisting of four elements. 

Furthermore, w.r.t. positive contraction operators Z(L^(G)) 
has a universal Korovkin set consisting of three elements, see 
Remark 3.3.2. 

Remark 3.3.4 In Proposition 3.3.1 we have shown that if G is a 
periodic [Z] group then there exists a compact open normal 
subgroup K such that G/K is a torsion group. We assert that 
converse of this is also true: 

If G contains a compact open normal subgroup K such that G/K 
is a torsion group then G is periodic. 

To prove the assertion, let x € G, we must show that the 
closed subgroup fx] generated by x is compact. Consider the 
natural map tt : G — > G/K. Then 7i([x]) £ [ 7t(x)]. Since G/K is 
discrete and torsion group, [ 7t(x)] is finite. Therefore n ^[tt(x)] 
is compact. Since [x] £ tt Tr(x)3, [x] is compact. This 

completes the argument. 

Now we shall give an example of a [Z] group which is neither 
compact nor abelian nor a direct product of such groups and to 
which results of this section apply. Example is due to Grosser 
and Moskowitz ([24], example 4.7, p. 27). 

Example 3.3.1 Let p 2 : 1 be an integer. 

' " 1 b a ■ 

Let G = -f 0 1 c : a € b,c e v, where is 

0 0 1 ; 
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the locally compact ring of p-adic numbers and is the ring of 
p-adic integers which is, in fact, a compact open subring of fip, 
see. Section 10 of [26]. It is easy to see that 


Z(G) 


1 

0 

0 


0 

1 

0 


a 

0 


: a € Q ►, so that G/Z(G) ^ A x A 

P / \ / p P 


which is compact. Thus G is a [Z] group but is neither compact 
nor abelian nor a direct product of such groups. Moreover, G is 
separable metrizable since Q and A are so. 

P P 


Let K = 


1 

0 

0 


b 

1 

0 


a 

c 


: a, b, c € A v. it is clear that 
P 


K is a compact open normal subgroup of G. Furthermore, G = KZ and 
G/K is an abelian torsion group, i.e., torsion free rank of G/K is 
zero. Applying Theorem 3.3.1, Z(L^(G)) admits a finite universal 
Korovkin set; in fact, a four element set w.r.t. positive 
operators and a three element set w.r.t. positive contraction 
operators , see Remark 3.3.1 and Remark 3.3.2. 

Note that G is a periodic [Z] group, we could, therefore, apply 
Corollary 3.3.1 as well. 
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CHAPTER IV 


KOROVKIN THEORY FOR POSITIVE OPERATORS ON SEGAL ALGEBRAS 


Throughout this chapter, unless otherwise specified, S(G) 
will denote a Segal algebra over a non discrete locally compact 
group G, which is closed under involution (Recall that f~(x) = 
f (x ^) ) • Note that there exist Segal algebras which are not 
closed under the involution ~, see for example, Johnson [27]. For 
definition and some examples of Segal algebras we refer §2.5 of 
Chapter II. It is well known that if G is abelian then S(G) is a 
commutative Banach algebra with continuous symmetric involution. 


If 

G is 

non 

abelian 

then Z (S (G) ) , 

the 

centre 

of S(G) 

, is 

nontrivial 

iff 

G is an 

[IN] 

group ( See , 

[48] 

, Corollary 3, p. 

64) . 

In 

this 

case 

Z(S(G)) 

is 

a commutative 

Banach 

algebra 

with 


continuous symmetric involution. 

Results proved by Pannenberg in [45], for the algebra L^(G) 
(G locally compact abelian group) and the results of proceeding 
chapter motivate us to ask the following natural questions: 

Question 4.1.1 If G is a locally compact abelian group, when 
does S(G) admit a finite universal Korovkin set w.r.t. positive 
operators? 

Question 4.1.2 If G is a non abelian [IN] group, when does 
Z(S(G)) admit a finite universal Korovkin set w.r.t. positive 
operators? 


56 



In this chapter, we attempt to investigate these questions 
and reveal certain distinctive features of Segal algebras in the 
framework of Korovkin theory. 

In the preceeding chapter we studied Banach algebras 
satisfying property 'P'. For a commutative Banach algebra A with 
continuous symmetric involution and satisfying property 'P', we 
saw in Corollary 3.1.5 that if S is a subset of A such that S 
separates points of AA and if x is an element in A such that x > 0 
then {X} u- xS u xSS is a universal Korovkin set in A w.r.t. 
positive operators. In Section 1, we show that a Segal algebra 
need not satisfy property 'P' and therefore • Corollary 3.1.5 can 
not be applied to yield a universal Korovkin set in a Segal 
algebra. However, we prove by different techniques (in Section 2) 
that a Segal algebra S(G) over a compact metrizable group G has a 
finite universal Korovkin set and thereby give a complete answer 
to the Question 4.1.1 for the case when G is a compact abelian 
group. For a compact group G, a complete answer to Question 4.1.2 
is provided in Section 2 . 

In ([2], Corollary 4.3) Altomare has proved that if A is a 
commutative- Banach algebra with continuous symmetric involution 
and a bounded approximate identity uniformly bounded by one and if 
S is a subset of A such that S separates points of AA strongly 
then S u SS is a universal Korovkin set w.r.t. positive 
contraction operators. In Section 1, we extend this result to 
the commutative Banach algebras with continuous symmetric 
involution and satisfying a certain property (to be specified 
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in Section 1) . We also show by an example that in the absence of 
property the result need not be true. 

§1 

As we shall have occasions to deal with continuous positive 
functionals of a Segal algebra, it is necessary for us to know a 
suitable description of them. We begin with such a description 
for a Segal algebra S(G) over a compact abelian group G. It is 
clear that S(G) contains all the characters of G. Let <p he a 
continuous functional on S(G). Fourier coefficients of (j) are 
defined by 

i(Tf) = <r,<p> , y € G (see, [28], §7.1, p. 34). 

We have the following simple Lemma. 

Lemma 4.1.1 Let S(G) be a Segal algebra over a compact abelian 
group G and let ^ be a continuous functional on S(G). Then (p is 

A A 

positive iff <^(r) ^ 0 r e G. 

Proof By definition, 4> is positive iff <f*f, 4» ^ 0 f e S(G) . 
Since (G) , the set of all trigonometric polynomials, is dense in 
S(G), this is equivalent to <f * f,(p> 2 : 0 V f € 3" (G) 
or equivalently, <z * 7 ,<!>>- 0 V 7 e G, 

A 

That is, <7 ,(p> 2: 0 y 7 e G. 

Now we provide some examples of Segal algebras which fail to 
satisfy property 'P' . 
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Example 4.1,1 Let G be a compact abelian group and S(G) be any 
of the following Segal algebras: 


(i) (1 < p < to) , with norm || H^. 

(ii) For 1 s p < 00 and an unbounded positive regular Borel 
measure on G, A^(G) = |f e L^(G): f e L^(G,ii)| with norm 


ifll p = l|f|li + lif| 

A. 


In'' 

L^(G,U) 

Then S(G) does not satisfy property 'P' 


Proof Suppose that S(G) satisfies property 'P' . Let <p be a 
continuous positive functional on S(G). Then there exists a 
constant C such that 


\<f,(f»\ s Cj|fj|^ for all f € S(G). 
n 

Let e G and f = Y, where a^^ = sgn Then 

^ n n 

we have ||f|| = 1 and <f,^> = Y sgn<r-,0> < 7^,<l» = I 

i=l ^ ^ i=l ^ 

n 

Therefore Y - C||f|| = C. 

i=l ^ “ 

This is true for all n € IN. Therefore Y ^ C. Thus 

yeG 

if S(G) satisfies property 'P' then for every continuous positive 
functional <p on S(G) 


Y |<9^,<^>| < “ (4.1.1) (a) 

jeG 

We shall now show that if S(G) is either of the algebras (i) or 
(ii) , there is a continuous positive functional <p on S(G) which 
does not satisfy the condition (4.1.1) (a). 
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First, we consider the case of lP(G), 1 < p s 2 


Let 

the 



be a sequence of distinct characters 


function on G defined by 


in G. 


Let h be 


h(2r) 



if r = •STn 

if r « U -[r_| . 

n=i I . 


It is clear that h L^(G) and h e lP(G) V p > i. Since 1 < p ^ 2 

and G is compact, there exists g e l‘ 5(G) , where i + i = i, such 

P ^ 

A. 

that g = h. Since g - 0, g defines a continuous positive 
functional on L^{G) , (Lemma 4.1.1). Moreover, X l<y,g>| = I - 

= 00 so that the condition (4.1.1) (a) is not satisfied. 

Now we consider the case of L^(G), p > 2. Let q be the conjugate 
exponent of p. Since p > 2 we have q < 2. By above arguments 
there exists g e L^(G) such that g defines a continuous positive 
functional on L*^(G) which does not satisfy condition (4.1.1) (a). 
But since L^(G) s l'^(G), g also defines a continuous positive 
functional on L^(G) . 


Next, we deal with the case of A^(G), 1 £ p < ». 

Let us first see how a continuous positive functional on A^(G) 

A 

looks like. Since the map f (f,f) is a linear isometry of 

aP(G) into L^(G) X lP(G,p), aP(G) may be regarded as a closed 
linear subspace of L^(G) x An application of Hahn Banach 

Theorem shows that every continuous functional (p on A^(G) arises 
from a pair (g,h) e l”(G) x L*^(G,m) such that 
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<f,(p> - <f,g> + <f,h> V f e aP(G). 

Let 0 be a continuous functional on A^(G) arising from the pair 
(g,h) e L (G) x L*^(G,p) . Then for r e G 
<y,0> = <r ,q> + <y,h> 


= + UV) h(v) du(v) 

As 

G 

= <r,g> + h(r) 4 ({r}). Thus, in view of Lemma 4.1.1, 

0 is a positive functional <==> g( 3 r) + h(y) /i({r}) ^0 V y e G. 

Let ^ sequence of disjoint subsets of G such that 

h(F ) in V n e IN. Let us write a for fi(F ). 
h n n'^ 

We define h on G by 


r 1 

n a 


if r € F, 


h(r) 


n 


n 


if r « U F, 


n 


n 


Then h € L^(G,m) V q > 1. In fact. 


Ih||‘^_ . = I |h(y) 1^ M({r}) = E I „ n({n) 


L^(G,u) 


yeG 


n y€F„ n^ a^ 
n n 


= I a=y — <“. 

^ a n „ „q ,g-l „ „q 
n n a^ n a^ n n 

n n 


But h i L (G,h) because ||h 


L-"(G,m) 


= E |h(y)j UL({7}) 

As 

yeG 


= I E «((r» - r 

n yeF n n n n 

n 


The functional defined by the pair (0,h) e L (G) x 
clearly a continuous positive functional on A^(G) not 
the condition (4.1.1) (a). 


= CO. 

is 

satisfying 
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Let us say that a commutative Banach algebra A with a 
continuous involution satisfies property i’ts every 

continuous positive functional (p satisfies 

» I'^ll |i|L v X 6 A. 

It is known that every commutative Banach algebra with continuous 

symmetric involution and having an approximate identity such 

that Sup ||e II s 1 satisfies property 'P see [37], p. 275. In 
a ■‘- 

fact, it can be seen that a coinmutative Banach algebra with 

continuous symmetric involution for which every continuous 
positive functional is extendable without increasing its norm 

satisfies property 

Following the arguments used in Corollary 3.1.2, we can prove 
the following corollary of Theorem 2.6.6 (Altomare, [2], 
Theorem 4.1). 

Corollary 4.1.1 Let A be a commutative Banach algebra with 

continuous symmetric involution and satisfying property 
S be a subset of A. Then S is a universal Korovkin set in A 

w.r.t. positive contraction operators iff S is a universal 
Korovkin set in C^(AA) w.r.t. positive contraction operators. 

Theorem 2.6.8 and Corollary 4.1.1 now give the following 
analogue of Theorem 2.6.9. 

Corollary _4.1.2 Let A be a commutative Banach algebra with 

continuous symmetric involution and satisfying property . Let 

S be a subset of A such that S separates points of AA strongly. 
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Then S u SS is a universal Korovkin set in A w.r.t. positive 
contraction operators. 

The following example shows that Corollary 4.1.2 may not be 
true for algebras not satisfying property . We have already 

seen in Example 4.1.1 that L^(G) , 1 < p < », does not satisfy 

property - 

Example 4.1.2 Let G be a compact abelian metrizable group. 
Consider L^CG), 1 < p < «. Let 




be an enumeration of G and 


h — E Then h e L^(G) and h separates points of G 

n=l 2 

strongly. We shall prove that the set | h, h * h j- is not a 

universal Korovkin set in lP(G) w.r.t. positive contraction 
operators . 

In view of Theorem 2.6.6, h, h * h j- will be a universal 

Korovkin set in L^(G) w.r.t. positive contraction operators iff 
for every if e G u {0} and for every continuous positive functional 


(p on L^(G) such that 


s 1, <h,0> = h(r) and <h * h,(^> = |h( 3 f) 


imply that <p = if . (Note that h(0) = 0. ) 


First we consider the case of L^{G), 1 < p 


2 * 


Let q be the conjugate exponent of p. Since p £ we have q ^ 3. 

1 
8 ^ 


1 ' 6 ^ 

Let g = „ 1 y, + 1 - „ 1 ^ ^ belongs to 

jq"-*- -L V 34 -s q 4 


8 ' 


l‘^(G) and g i 0. Therefore g defines a continuous positive 
functional on L^CG) (Lemma 4.1.1). 

We now show that ||g||q s 1 . By Hausdorff Young Theorem, 

i|g||q ^ l|g|lp* 
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Now, 


|P = iiAiiq/q-i = 


iqllq/^.l = |g(^) 

•OeG 

1 > q/q-1 


iq/q-i 


1 ’ 


' 6 , 
1 

^ - > q/q-1 ^q-i 

+ ^ 


q/q-1 


^ + 1 - ® ' 


8 


8 


q-1 


note that = (q-1) - 


1 > 
(q-i); 


6 'S . 8 


1/2 


‘ >9-1 ■ 89-1,' + „,-l 


8 ' 


8 

= 1 - 


8 ' 

-t- 1 - ^ -I- ^ 


(q ^ 3 ) 


8 


q-1 


< 1 . 


A 

Therefore ||q||q - i|q|lp - !• Thus g defines a continuous positive 

functional on L^(G) which has norm at most one. Moreover, it can 
be seen that g satisfies 


<h,g> = T = h( 2 f,,) 


and <h * h,g> = ^ = |h(r 2 ) 1^ 

but g ^ 2 * Therefore, | h,h * h j- is not a universal Korovkin set 

D 3 

w.r.t. positive contraction operators in L^(G), 1 < p ^ Now we 

3 

consider the case when p > ^. Clearly we have q < 3 . We choose a 
number k a 3 . Let 

g = ^ r, + - J. ?2 k-2 ^3* 

gk 1 1 , gK 8^ ^ 
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computations we have ||g||j^ ^ 1. Since q k, we have l|g|q - 
£ 1. Thus g defines a continuous positive functional on L^(G) 
with norm at most one and satisfies <h,g> = h(' 3 ' ) and <h * h,g> = 
|h(T 2 ) I • Since g * the desired conclusion follows. 

Remark 4.1.1 Let G be compact abelian metrizable group and h be 
the function as in Example 4.1.2. Similar arguments may be 
applied to show that | h,h * h j- is not a universal Korovkin set 

w.r.t. positive contraction operators in the Segal algebras C(G) 
and A (G) , 1 p < 00 . 

("a ^2^ 

Furthermore, since |h, |h| i- is a universal Korovkin set in 

Cq(G) w.r.t. positive contraction operators. Example 4.1.2 also 
shows that Corollary 4.1.1 need not hold if A does not satisfy 
property 


Remark 4.1.2 Let G be compact abelian metrizable group and h be 
the function as in Example 4.1.2. Let us compare behaviour of 
L^(G) and certain Segal algebras over G. The set •( h, h * h I is a 


universal Korovkin set w.r.t. positive contraction operators in 
L^(G), while this is not the case with lP(G) (1 < p < <») , C(G) or 
Ap(G) (1 :s p < oo) . What is the story w.r.t. positive operators? 
We know that the set -fh, h*h, h*h*hlisa universal Korovkin 


set in L^(G) w.r.t. positive operators (Example 3.1.3). In view 
of this, one may ask whether the set |h, h*h, h*h* hj- is a 

universal Korovkin set w.r.t. positive operators in L^(G) (l<p<“), 

C(G) or A (G) (1 p < oo) . In view of Example 4.1.1, the 


65 



Corollary 3.1.5 is no longer at our disposal. 


Nevertheless, we 


shall see that 



h * h, 


h * h 



is a universal Korovkin set 


in lP(G) (1 < p < «), c(G) or Ap(G (1 s p < CO). In fact, it is a 
universal Korovkin set in any Segal algebra which contains this 
set, (see. Proof of Theorem 4.2.1). 

§ 2 . 


In this section we attempt to investigate Question 4.1.1 and 
Question 4.1.2. We begin with an answer of Question 4.1.1 for the 
case when G is a compact abelian group. We prove the following 
theorem. 

Theorem 4.2.1 Let S(G) be a Segal algebra over a compact abelian 
group G. Then S(G) admits a finite (three element) universal 
Korovkin set w.r.t. positive operators iff G is metrizable. 


Proof Suppose that S(G) has a finite universal Korovkin set. 
Then finitely many functions in (S(G)) separate points of G. 

A, A 

Therefore G is second countable (Remark 3.1.2). Since G is 
discrete, it is countable. It follows that G is metrizable. 


Conversely, suppose G is metrizable. Then G is countable. 


Let H 


r \ 00 


be an enumeration of G. Let 




be a sequence of 


distinct positive numbers such that X ^nll^nlls ^ clear 

n=l 

00 

that the function h = E a belongs to S(G). We shall prove 

n=l 

f \ f 03 ^2^3] 

that the set ^ h, h * h, h * h * hV = ^ E a , E ^ E ^n^nf 

i. ) ‘•n=l n=l n=l ^ 
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is a universal Korovkin set in S(G) w.r.t. positive operators. 

Let m e IN and (p he a continuous positive functional on S(G) which 
satisfy following three equations 

<h,0> = <h,y > 
in 

<h * h, 0> = <h * h, r > 

' m 

and <h * h * h,0> = <h * h * h, y > 

' m 

or equivalently. 


E a <y ,<A> = a_ 

neIN " 


E a <y ,0> = a: 

new " 


m 

2 

V 


and 


E a <y p> 

nelN 


a^ 

m 


In view of Theorem 2.6.5, we must show that p = z . Let us write 


m 


for <7^,p>~ Since is a continuous positive functional on 

S(G) , 2: 0 V n e IN (Lemma 4.1.1). The- three equations now can 

be written as 

y ab = a(l-b) 

, n n m' m' 
n€W-{m} 


y a^b = a^(l - b ) 
, n n m' m' 
n€[N-{m} 


(4.2.1) (a) 


and 


y a^b„ = a^(l - b^) . 
, n n m ' m' 
nelN-{m} 


These equations imply that 


m m 


E = 

n6[N-{m} ^ ^ n6lN-{m} 


^ 3 

I 

^ n n 
'-n€[N-{m} •' 


E 

s 

1/2 r 


(a 




n n 


n n 


1/2 


E a b 

'■n€!N-{m} ^ 
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Thus there exists 


Therefore, the equality holds throuqhout. 
a nonnegative constant C such that 


= C a b 
n n n n 


V n € IN - {m} 


(4.2.1) (b) 


We shall prove that VnelN - {la} . Suppose that b, 0 

iC 

for some k e IN - {m}. Then the equality ajb^^ = C a^^bj^ implies 
2 • ' s 

that aj^ = C. Since a^ are distinct positive numbers, it follows 
that b^=OVn€lN - {m,k}. First two equations in (4.2.1) (a) 
now reduce to 


W = - K) 


in 


m' 


and a^bj^ = a^(l - b^) . This implies that 


m' 






m' 


Hence a, (1 - b^) = a^(l - b^). Since a, ^ a , must have b = 1 
K' m m m' Km m 

and therefore b, =0. Thus b_ = 0 for all n ^ m. This implies 

K n 

that 0 = 

m 

This completes the proof. 


Let G be a compact group. In [48], (Corollary 6, p. 65) it 

is shown that the maximal ideal space of Z(S(G)) can be identified 
rX- -'I 

with X = : cr e gI- with discrete topology. For cr e G, will 

<(X ^ 

denote the multiplicative functional on Z(S(G)) defined by 



d - dx, f e Z(S(G)). 

-G 

Let Z(3'(G)) denotes the linear span of the set {x^ : cr e G}. 
It can be seen that Z(S(G)) contains Z(^(G)) and Z(J(G)) is dense 
in Z(S(G) ) . 


similar arguments as in Lemma 4.1.1 can be applied to prove 
the following 

Lemma 4.2.1 Let G be a compact group. A continuous functional <p 
on Z(S(G)) is positive iff ^ 0 V cr e G. 

We have the following answer to Question 4.1.2 for the case 
when G is a compact group. 


Theorem 4.2.2 Let G be a compact group. Then Z(S(G)) admits a 
finite (three element) universal Korovkin set w.r.t. positive 
operators iff G is metrizable. 

Proof Necessity part can be proved as in Proposition 3.2.1. 

For the sufficiency, we suppose G is metrizable. Then G is 

r > 00 ^ , X CO 

countable. Let ^ cr y be an enumeration of G. Let -^a >■ be a 

I n=l ^ ^-'n=l 

00 

sequence of distinct positive numbers such that Y. \\X- 

I n. V u o 
n n 

where || ||g denotes the norm in S(G). It is clear that the 

00 

function h = Y a d v belongs to Z(S(G)). We shall prove 

n=l “ n ^n 

r s , 00 “2 

that the set ih, h*h, h*h*h|- = i Y ^cr ' ^ ^n'^cr ^cr ' 

J '■n=i n n n=l n n 

y a'^d V ► is a universal Korovkin set in Z(S(G)) w.r.t. 
n=l n n-* 

positive operators. 
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Let m e IN of 0 be a continuous positive functional on Z(S(G)) 
such that 

<h,(p> = <h,T > 
cr 

m 

<h * h,(p> = <h * h, T > 


m 


and 


<h * h * h,<p> = <h * h * h, T > . 

' y-r 


m 


in view of Theorem 2.6.5, it suffices to show that 6 = z 

O' 


In 


in 


view of orthogonality relation of characters, above three 
equations reduce to 


V<r ■ 1 '^ = \ 

n=l n n 




(4.2.2) (a) 


y a^d <x ,0> = . 

„Zi n a V m 

n=l n n 

Let us write b for d < v ,(p>. Since is a continuous positive 

^n ^n 

functional on Z(S(G)), by Lemma 4.2.1, b^^ i 0 V n e IN. (4.2.2) (a) 
now can be written as 


nelN-{m} 


a b = a (1 - b ) 
n n m' m' 


n6lN-{m} 


a^b„ = a^(l - b^) 
n n m m 


(4.2,2) (b) 


n€lN-{m} 


a^b = a^(l - b ) . 
n n m' m' 


Note that equations in (4.2.2) (b) are same as those in (4.2.1) (a) 
(Proof of Theorem 4.2.1). Now proceeding exactly as in the proof 
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of Theorem 4.2.1, we get 


if n = m 
otherwise. 


if n = m 
otherwise. 

Therefore, it follows that 6 = x 

O' 

m 

This completes the proof. 

For the case when G is a non compact locally compact abelian 
group, it seems difficult to tackle Question 4.1.1. Main obstacle 
is that we do not know a handy description of continuous positive 
functionals of S(G), even for the Segal algebras C^(G) n L^(G), 
L^(G) n L (G) (1 < p < cd) or A (G) (1 s p < co) . However, we 

remark the following. 

Remark 4^. 2 .1 Let G be a non compact locally compact abelian 

group. Consider the Segal algebra C^(G) n L^(G). We may consider 

C^(G) n L^(G) with another equivalent norm given by maxi [j ||^, || l^j. 

In view of Theorem 1.7 of [34], dual of C^(G) n L^(G) is 
isometrically isomorphic to (M(G) x l"(G))/K, where 

K = H (u,(p) 6 M(G) X L"(G) : <f,^> = <f,<P> V f e C^(G) n L^(G)| 

and norm in (M(G) x l“(G))/K is given by 


r 1 


n 


' 1 

That is, d^ <x^ ,(/» = -, 

n n 0 



Let $ be a continuous functional on C^{G) n L^(G). If $ = 
mod K for some {ii,(p) e M(G) x l“(G) such that 4 s 0 and (j> is a 
continuous positive definite function on G then clearly $ is a 
continuous positive functional on C^(G) n L^(G) . If every 
continuous positive functional f on C^(G) n L^(G) is of the form 
mod K with 4^0 and <f> continuous positive definite then it 
can be shown that 

C^(G) n L^(G) admits a finite universal Korovkin set w.r.t. 

A. 

positive operators iff G is finite dimensional separable metric 
space . 
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CHAPTER V 


KOROVKIN THEORY FOR POSITIVE SPECTRAL CONTRACTION OPERATORS 

In this chapter we study universal Korovkin sets w.r.t. 
positive spectral contraction operators in a commutative Banach 
algebra A with continuous symmetric involution. Universal 
Korovkin sets w.r.t. positive spectral contraction operators in 
the algebras admitting an identity or a bounded approximate 
identity have been studied by many authors, for example, see 
Altomare [1], Pannenberg [46], Pannenberg and Romanelli [47], 
Romanelli [55]. We shall see that if A satisfies property 
then universal Korovkin sets w.r.t. positive spectral contraction 
operators coincide with universal Korovkin sets w.r.t. positive 
contraction operators and in the absence of property the two 

notions are different. We prove that in a commutative Banach 
algebra A with continuous symmetric involution a subset S is a 
universal Korovkin set w.r.t. positive spectral contraction 

A 

operators iff S is a universal Korovkin set in C^(AA) w.r.t. 
positive contraction operators. As a consequence we obtain a 
characterization of locally compact abelian groups G for which a 
Segal algebra (closed under involution) over G admits a finite 
universal Korovkin set w.r.t. positive spectral contraction 
operators . 
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Throughout this chapter , A denotes a commutative Banac] 
algebra with continuous symmetric involution. For a subset S o: 
^ 1 + 

Af let Kor^ (S) denote the universal Korovkin closure of S in i 
w.r.t. positive spectral contraction operators. This, b’ 
definition, is the set of all y e A such that if B is i 
commutative Banach algebra with continuous symmetric involution, ! 
is an algebraic *-homomorphism from A to B and if a net {T^} o: 
positive spectral contraction operators from A to B satisfy 
lim II (T^x - Tx)"||^ = 0 V X e S then lim 11(T y - Ty)"||^ = 0, se< 

§ 2 . 6 . 

Let i'^(A) denote the set -|<^ € A : 0 is positive and |^(x) | : 

||x||^ V X e A|-. It can be seen easily that (A) is a g) -compad 
/ 

subset of A . Following proposition can be deduced from Corollary 
1.2 of Altomare [2]. However, we give a proof which is based oi 
techniques similar to those in the proof of Theorem 1.1(2) oj 
Romanelli [55]. We observe that the condition of existence oj 
bounded approximate identity in the algebra A is redundant ii 
Theorem 1.1(2) of [55]; see Proposition 5.1.2 and also Remarl 
5.1.1. 

Proposition 5.1.1 Let A be a commutative Banach algebra witl 
continuous symmetric involution and S be a subset of A. Then 

Kor^'''(S) = |y e A : if m e A^A and (p e $^(A) satisfy 
<(>(x) = m(x) V X e S then <^(y) = m(y)l. . 
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Proof Let us denote the set on right side by U. The inclusion 

Kor^^(S) £ U follows immediately from the definition of Kor^''^(S) ; 

one only needs to check the definition for B = C, the algebraic 
★ -homomorphism m : A C and the constant net {(p} of positive 
spectral contraction operators from A to C. 


To prove the reverse inclusion, let y e U. Let B be a 

commutative Banach algebra with continuous symmetric involution, 

T: A — > B be an algebraic * -homomorphism and -^T. [■ be a net of 

Jiel 

positive spectral contraction operators from A to B satisfying 


lim ||(T.x - Tx) II =0 V X € S. Suppose that lim ||(T.y - Ty) |; 
iel ^ “ ■ i€l ^ 

* 0. Then there exists cin > 0 and for each iel there exists 

a. € I such that a. s i and t). e AB such that 
1 11 


7?i(T^.y) - ^iCTy) I > 


(5.1.1) 


Now 


{ > ^ ic 

7 ). > is 3. not in A B* Since A B is co —coinpact/ theire 

'ij . 


exists a 7) e A, B and a subnet 

Cl) 


V -^^iel 


which converges to t) in 


cj*-topology of b' . For each i e I^, let us write o T^^. It 

is clear that each is a continuous positive functional on 
A. Moreover, for x e A we have 


l^i(x)| = 

4- 

a net in f ^ (A) . 
exists a X e 


hi{T^_X)| ^ !l(T^.x) 

+ . * 
since fj^(A) IS w 

f^(A) and a subnet 



Thus 



is 


-compact 



subset of A , there 
converging to X in 
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10 -topology. 


Let us write m - 17 o T. It is clear that m e A A. We shall show 

Cl) 

that X(x)=in(x)Vx€S. 

We consider the two cases (i) ti = (o and (ii) tj e AB separately. 
Case (i) tj = w. 

Let X € S. Since in(x) = 7)(Tx) = 0 and X(x) = lim X.(x), it is 

i€l^ ^ 

enough to show that lim X.(x) =0. Let € > 0. 

i.Il " 

Now lim I (T X - Tx)"||^ = 0 and lim t] . (Tx) = tjCTx) = 0. 

i “ i€l^ 

Therefore we can choose i^ € l_ such that i ^ i implies 

o 1 o ^ 

||(T^ X - Tx) 11^ < €/2 and |■^]^(Tx) | < e/2. Then for i ^ i^ we have 
|^j^(x)| £ + |i}^(Tx)| < €. 

Case (ii) i? e AB. 


Let X € S. We must show that A(x) = m(x), that is, lim A . (x) = 

ieli 

m(x). Let € > 0. First, we choose i^ e such that i s i^ 

implies ||(T^ x - Tx)^||^ < e/4. Then we choose i^ £ i^ such that 

i i i. implies h. (T^ x) -V(T x) | < e/4, 
i ^ “i “i 

o o 

Now for i ^ i^, we have 

|A.(x) - m(X)| = hi(T^.x) - ti(Tx)| 5 hi(Vx) - Tli(Tx)l 

+ |t 7 .(Tx) - to.(T^_ x)| + h^(T^ X) - 7)(T^_ x)l 

^o ^o 
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+ h(T^ X) - niTx) 1 < €.' 

Thus we have A(x) = in(x) V x e S. Since y e U, it follows that 
A (y) = in(y) . 

Now, 

lim ilj^CTy) = T)(Ty) = in(y) = A(y) = lim A.(y) = lim t) • {1 y) . 

i€l^ i€l^ “i 

Therefore lint "niCT y) - T7-(Ty)‘ = 0. This contradicts (5.1.1). 
iel^ - ^ “i 1 - 

Therefore we must have lim ||(T.y - Ty)"|l = O, that is, ye 

iel ^ “ 

Kor^'^(S) . This completes the proof. 

In view of Theorem 2.6.6 and Proposition 5.1.1, it is easily 
observed that if the Banach algebra A satisfies property then 

Korovkin closure w.r.t. positive spectral contraction operators 
and Korovkin closure w.r.t. positive contraction operators are 
same. However, if A does not satisfy property 'P^' then the two 
notions are different, we shall see some examples in the sequel. 
We now establish the following simple proposition. 

Proposition 5.1.2 Let A be a commutative Banach algebra with 
continuous symmetric involution and let S be a subset of A. Then 
S is a universal Korovkin set in A w.r.t. positive spectral 

A. 

contraction operators iff S is a universal Korovkin set in C^(AA) 
w.r.t. positive contraction operators. 

Proof Since A is dense in C^(AA) '=>' part is obviously true. 
Conversely,' suppose S is a universal Korovkin set in C^(AA) w.r.t. 
positive contraction operators. Let m e and (f> e $^(A) be such 
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that </>(x) — in(x) V x e S. In view of Proposition 5.1.1, we must 
show that 0(y) = in(y) V y e A. 

Now ^ is a positive functional on A satisfying |^(x)| s |x||^ 

V X e A. Therefore, there exists a positive regular Borel measure ii 
on AA such that /i(x) = 0(x) V x € A and |j/i| s 1. In particular, u 
satisfies m(x) = x(m) V x e S. Since S is a universal Korovkin 
set in C^(AA) w.r.t. positive contraction operators, it follows 
that u = 6^. Therefore we have 0(y) = in(y) V y e A. 

This completes the proof. 

Remark 5.1.1 We remark that in Theorem 1.1(2) of [55], Romanelli 
has obtained similar conclusion as in Proposition 5.1.2, under the 
additional hypothesis that A has a bounded approximate identity. 
However, a slightly more general notion of positivity is 
considered in [55]; an element x e A is said to be positive if x^O 
and a linear operator T : A — > B is called positive if it maps 
positive elements of A to positive elements of B, A and B being 
commutative Banach algebras. But since for a commutative Banach 
algebra A with continuous symmetric involution, elements of the 
set $^(A) = |<^ e A : ^ is positive and |(^(x)| ^ ||x||^ V x e Aj- 

are same with respect to both the notions of positivity, in view 
of Proposition 5.1.1, Kor^'^(S) remain same with respect to both 

the definitions of positivity. Therefore, the condition of A 
having a bounded approximate identity is superfluous in 
Theorem 1.1(2) of [55]. 
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We further remark that in Theorem 1.1 (2) of [55], more 
general notion of T— universal Korovkin closure w.r.t. positive 
spectral contraction operators has been considered. But our 
arguments work in that general situation too and the condition of 
A having bounded approximate identity is again redundant. 

Furthermore, we remark that the condition of A having a 
bounded approximate identity is also redundant in Proposition 
1.10, Corollary l.ll and Theorem 2.1 of [54]. 

In view of Theorem 2.6.8 and Proposition 5-1.2, we have the 
following corollary. 

Corollary 5.1.1 Let A be a commutative Banach algebra with 

continuous symmetric involution. Suppose that A contains a subset 

^ * . 

S such that S separates points of AA strongly. Then S u SS is a 

universal Korovkin set in A w.r.t. positive spectral contraction 

operators . 

In view of Remark 3.1.2, the following corollary immediately 
follows from Corollary 5.1.1. 

Corollary 5.1.2 Let A be a commutative Banach algebra with 

continuous symmetric involution. Then A admits a finite universal 
Korovkin set w.r.t. positive spectral contraction operators iff 

Ai 

finitely many functions in A separate points of AA. 

Now we give some applications of the results developed in this 
chapter. Let G be locally compact abelian group and S(G) be a 
Segal algebra over G which is closed under the involution -. 
The following question arises naturally. 
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Question 5.1.1 When does S(G) admit a finite universal Korovkin 
set w.r.t. positive spectral contraction operators? 

We provide a complete answer to the Question in following 
corollary. 

Corollary 5.1.3 S(G) admits a finite universal Korovkin set 
w.r.t. positive spectral contraction operators iff G is finite 
dimensional separable metric space. 

Proof In view of Corollary 5.1.2 and Remark 3.1.2, necessity part 
is obvious. Conversely suppose G is finite dimensional separable 
metric space. In view of Corollary 5.1.2, it suffices to show 
that there exist finitely many functions in S{G) such that their 

A. 

Fourier transforms separate points of G. By Theorem 2 of 
Pannenberg [45], there are finitely many functions f^,...,f^ in 

*1 A A A 

L (G) such that f^,...,f^ separate points of G. Let f e S(G) be 

A 

such that f > 0. (Note that such a function exists in S(G) 
because the maximal ideal space G is second countable and S{G) has 
symmetric involution, see proof of Theorem 3.1.1). Now since S(G) 
is an ideal in L^(G), the functions f * f^,..., f * f^ belong to 
S(G). It is easy to check that f, (f * f^) ,...,(f * f^^) separate 
points of G. In fact, if 7 , v in G satisfy f(r) = f(Tl) and 
f(r) fi(y) = f(TJ) V i = l,...,n, then fj^(r) = f^(7)) v i = 

l,...,n. But since already separate points of G, it 

follows that r = V- This completes the proof. 

Theorem 3.3.2 and arguments similar to those in the proof of 
Corollary 5.1.3 yield the following. 


80 



Corollary 5.1.4 Let G be a [Z] group such that G = KZ for a 
compact open normal subgroup K. Let S(G) be a Segal algebra over 
G which is closed under involution. Then following are 
equivalent. 

(i) Z(S(G)) admits a finite universal Korovkin set w.r.t. 
positive spectral contraction operators. 

(ii) G is separable metrizable and G/K has finite torsion 
free rank. 

(iii) G is finite dimensional separable metric space. 


We conclude the chapter with some examples. First example shows 
that in the absence of property the two concepts, universal 
Korovkin set w.r.t. positive spectral contraction operators and 
universal Korovkin set w.r.t. positive contraction operators are 
different (see remarks proceeding Proposition 5.1.2). 


Example 5.1.1 Let G be a compact abelian metrizable group. 

Consider the Segal algebra L^(G) (1 < p < ») . in Example 4.1.1, 

we have seen that L^(G) does not satisfy property 

1 r }• be an enumeration of G and h = J] “TT ^n* It is clear 
V ^>'n=l n=l 2 

that h € lP(G) and h separates points of G strongly. An 
application of Corollary 5.1.1 shows that /h, h*hlisa 


universal Korovkin set in L^(G) 
contraction operators. However, the 


w.r.t. positive 


set 



h * h 


spectral 
is not a 


universal Korovkin set in L^(G) w.r.t. positive contraction 
operators (see, Example 4.1.2). 
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Example 5.1.2 Let G be a locally compact abelian group and S(G) 
be a Segal algebra over G. Let E be a subset of S(G). Suppose E 
is a universal Korovkin set in L^(G) w.r.t. positive contraction 
operators. Then it follows from Corollary 4.1.1 that E is a 
universal Korovkin set in w.r.t. positive contraction 
operators. In view of Proposition 5.1.2, E will be a universal 
Korovkin set in S(G) w.r.t. positive spectral contraction 
operators. For example, consider the function h defined on IR by 


'' 0 if X < 0 

h(x) = J 

exp[ (-X+ifi) X] if X 2: 0 . 


Altomare [2, example 4.7] has shown that -j h, h 


{ 


IS a 


universal Korovkin set in L^(IR) w.r.t. positive contraction 
operators. Since the set | h, h | is contained in the algebras 

Cq([R) n L^(IR) and lP(R) n L^(IR) (1 < p < “) , it is also a 

universal universal Korovkin set in these Segal algebras w.r.t. 
positive spectral contraction operators. 
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